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Abstract

The Ordinary Least Square (LS) estimator remains Best Linear Unbiased Estimator (BLUE) when all
the assumptions surrounding it stay intact, but at an iota of violation of the assumptions, it becomes
inefficient and unstable. Multicollinearity is one of the causes of the violation of the assumptions. The
ridge regression estimator given by (Hoerl & Kannard |(1970)) is consistently attractive shrinkage method
to reduce the effects of multicollinearity. In ridge estimation, the estimation of ridge parameter (k) is
vital. However, there is still no way to compute its optimal value. In this article, we suggest a new
method of finding the regression parameters which completely avoids the computation of “k£”. New
method compared to ridge estimators at different choices ridge parameters by simulation techniques
in terms of Mean Square Error (MSE). Monte-Carlo simulation technique indicated that the proposed
estimator performs better than LS estimators as well as Hoerl and Kennard’s ridge estimator at 149
different choice of ridge parameters reviewed in this article.

Keywords: Multicollinearity, Ridge estimator, Mean square error, Simulation.

1 Introduction

The LS estimator is the most popularly used estimator to estimate the parameters in a regression model.
In multiple regression analysis situations where the explanatory variables are highly inter correlated,
referred to as the problem of multicollinearity. Presence of multicollinearity has posed a great threat to
the LS estimator in linear regression analysis. Several erudite scholars have proposed several estimators
to combat the problem of multicollinearity in the literature. (Hoerl & Kannard | (1970)) introduced the
ridge regression (RR) estimator as an alternative to the LS estimator. The ridge regression estimator is
obtained by simply adding an equal amount £ > 0 to each diagonal element of the correlation matrix
in the LS estimator, such that the reduction in the variance term of the slope parameter is greater than
the increase in the squared bias of it. At this stage, the main interest lies in finding a value of the ridge
parameter, say “k”. A lot of ways of estimating the ridge parameter “k” have been proposed. Most
recently, (Mermi et al.[(2024))) considered 366 estimators for estimating ridge or shrinkage parameter k
for regression models. To mention a few, 149 ridge parameters considered in this article are listed in the
Appendix. However, there is no explicit formula for this ridge parameter.The conventional wisdom is
that no single method would be uniformly better than all the others.

Recently, to estimate regression parameters (Dorugade| (2016)) introduces two estimators without
estimating the ridge parameter “k”” unlike other existing estimators. Using simulation study they have
shown that these estimators have desirable robustness features against the multicollinearity, heteroscedas-
ticity and outlier situations. On the similar line in this paper a new estimator obtained by modifying
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estimator given by (Dorugade| (2016)) to approximate the regression parameters and then compared it
with RR estimators at different well known existing ridge parameters. The other parts of this article are
as follows: In Section 2, we define model and parameter estimation methods with their bias and MSE. In
Section 3, we have proposed a new estimator and discuss its some properties. In Section 4, performances
of the proposed estimators evaluated and compared to other estimators which are considered under this
study. Finally, article ends with some concluding remarks.

2 Model and Estimators
Consider, widely used linear regression model
Y =XB+e¢, (€))

where, X is an (nxp) data matrix of predictors which are non stochastic, Y is a (nx 1) response vector,
is a (px 1) vector of unknown regression coefficients, and e be vector of random disturbances, such that
E(¢) = 0 and E(e¢’) = 021,,. 02 is the unknown variance parameter. I, is identity matrix of order “n”.
For the sake of convenience, we assume that the matrix X and response variable Y are standardized in
such a way that X 'Xisa non-singular correlation matrix and X 'Y is the correlation between X and Y.

Let A and T be the matrices of eigen values and eigen vectors of X "X, respectively, satisfying
T'X'XT = A = diagonal (A1,)\a,...,\,), where )\; being the i eigen value of X' X and T'T =TT =1,
. We obtain the equivalent model

Y =Za+e¢, (2)
where Z = XT , it implies that Z 'z =A,anda=T 'ﬁ (see(Montgomery etal.|(2021)))
Then LS estimator of « is given by
brs = (2 272y =n12Y. (3)
Therefore, LS estimator of (3 is given by
Brs = Térs.

2.1 Ridge Regression Estimator (RR)

RR estimator suggested by (Hoerl & Kannard | (1970)) is one of the widely used biased regression
methods, among all the biased regression methods such as, principal component regression (PCR), partial
least squares regression (PLSR), etc., as it yields more stable estimates to the regression coefficients
under severe multicollinearity when the number of predictors less than the number of observations.

It is given as:

dpp = [1 k(A + k:I)_l] ars )

Therefore, RR estimator of [ is given by

Brr = Tégg

and MSE of arpris
P P
MSE(agrr) =62 Y Ni/(Ni+ k) + 5D 6/ (N + k)’ (5)
i=1 i=1
We observe that, when &k = 0 in (5), MSE of LS estimator of « is recovered. Hence
P
MSE(6rs) =62) 1/ (6)
i=1

62



A .V. Dorugade: Modified Alternative to Ridge Estimator

(Hoerl et al.|(1975)) suggested that, the value of “k” is chosen small enough, for which the mean squared
error of ridge estimator, is less than the mean squared error of LS estimator. Some of the well known
methods for choosing ridge parameters used to compute &g are listed in Appendix.

2.2 Alternative Estimator

(Dorugade|(2016)) gives two different estimators of « respectively denoted by & 41 and & 45 given as:

(n—1)o

=1,2, ... 7
Si ? = ’p ()

Qa1 =

VA9 = =1,2,... 8
QA2 \/?z ? y Ly ey P ()

! / /
i . A Y Y-8, .2Y
where, 62 is the LS estimator of o2 i.e. 62 = n_ipL_Sl and

Si = Zn:1(xij - fi)Q 1 =1,2,...,p
Therefore, proposed alternative estimators of [ are respectively given by 5,41 = T'é;41and B4 =
T&;49. MSE of & 41 and & 49 are

. R 1 S
VI ) = (7 ) ek 2 i =Ly v
. . Z Si Z 2.
MSE (OéAQ) = 0’4 - |:)\z(5h)2:| + - (B2iai)27f = 17 27 P (10)

where, , By = (UT\FT — Ipx1 )
and S1; = Z?:l Yj (:L‘Z'j - i’z) fori=1,2,...,p j=12..n
where, &; is the it" element of 15,7 =1,2,...,p

3 Proposed Estimator

To resolve the problem of choosing optimal ridge parameter in ridge regression (Dorugade| (2016)),
introduces two estimators of « denoted by &.41 and G449 respectively given in and (8] alternative to
ridge estimator by avoiding computation of ridge parameter k. These estimators are based on suitable
estimator of o. Itis well known that correlation coefficients between the regressors as well as eigen values
of (X X ) are plays an important role in detection of multicollinearity among the various regressor
variables. Also, most of the researchers suggested ridge parameters based on these eigen values. By
motivating these applications of correlation coefficients and eigen values, in this article we suggested
modification in & 4o to introduce a new estimator of « based on correlation coefficients (r;) between
response and regressor variables, and eigen values (\;) of (X 'X )

Letr; = (Y, Z;) t = 1,2,...,p is the vector of order 1 X p of correlation coefficients between
response and regressor variables and )\; being the i*" eigen value of (X X ) .

New estimator called as modified alternative estimator denoted by &4 and given by

(n—1)c

=1,2, ... 11
SZ ? » = 7p ( )

paA = TiNi

! / /
i . .. Y'Y—-6,.2Y
where, 62 is the LS estimator of 02 i.e. 62 = n_ipL_sl and

Si :Z?ﬂ(%‘j —:fi)Q 7 = 1,2,...,])
Therefore, a proposed modified alternative estimator of 5 is given by Syra = Tapa .
New estimator can expressed as the function of LS estimator given as

(n—1)6

i =1,2, ...,
S, ! p

Qpa = Tidg
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(n—1)6 4

=riNi——— b
r 50 BiLs

or @MA: Ti)\i%T&i iZl,Q,...,p
where, &; is the i** element of 4rg,7=1,2,....p
3.1 Bias, Variance and MSE of &)/ 4

Bias of &7 4:

Bias (apra) = Elaaral —
— Bawhere, B = (rA"G0T — 1, )
Variance of &/ 4:

/

Var (aara) = El(adpma — E(apa)) (Gva — E(aa)) ]

=Co?A~1 C" where, C' = (rA%T)
where 02A "= 02(Z' Z) "' =V (G15)=MSE(érs)

MSE OfdMAZ
MSE (épra) = V(éara) + [Bias (6ara)]?
=Co*A'C + Bad' B
or
2 p
A 2 A 4 A \2
MSE (apa) = (n—1) Z)\ <Sh) + Z:(Biozi) (12)

where, &; is the i'* element of 4rg,7=1,2,....p

3.2 The Performance of the & ;4

This section compares the performance of the & s 4with the, &g and &g using smaller MSE criteria.
3.2.1 Comparison Between the &4 and &g

Using (6) and (12) we investigate the following difference:

p

MSE (as) — MSE (anra) Z (n—1)% 4ZA <5M> =) (Bidy)?

Therefore, M SE (arg) > MSE (Gpra) if and only if
(Sli&)Q Z Al [)\Z(n(n — 1)6’2)2 + (SlzBldl)Z]

3.2.2 Comparison Between the &4,;4 and arp
In order to compare & ;4 with &g in the MSE sense, using (5) and (12) we investigate the following
difference:

P p .9 p 2 p
. . . Ai Q; . T
MSE (@ra)-MB (o) = "3 1 Bt 3 1 S o (1) -3
= =1 v ; v i=

Therefore, MSE (&rr) > MSE (dara) if and only if
Si [)\262 + (kOé ) ] > (/\1 + k)z [)\Z(T’Z(TL — 1)62)2 + (ShBZdz)Q]
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4 Evaluation of the Performances of the Proposed and Review Estimators

Consequently, parameter estimation methods are based on LS estimators do not assure the desirable
results in the presence of multicollinearity. The Monte Carlo experiment of this research was conducted
using R-statistical programming language to evaluate the performance of the reviewed and proposed
estimator compare to LS estimators. The following factors were used to conduct the simulation study
with the aid of R-statistical programming codes.
4.1 Sample Size (n)
To understand the effect of small and large samples on the performance of all estimators under consider-
ation, the number of observations “n” took the values: 20, 50, 100, 400, and 1000.
4.2 Strength of Correlation among Explanatory Variables (p)
In this study, to investigate the effects of different degrees of multicollinearity on the estimators, we con-
sider different correlations, p = 0.90, 0.95, 0.99, 0.999 and 0.9999. Following, (McDonald & Galarneau
(1975))) the explanatory variables are generated by

zij = (1 — p2)1/2uij +pup, 1=1,2,...,n j=12..,p
Where, u;; are independent standard normal pseudo-random numbers and p is specified so that the theo-
retical correlation between any two explanatory variables is given by p?. Likewise, the response variable
was generated using the equation Y = X3 + €.
4.3 The number of explanatory variables (p)
Explanatory variables, p = 2, 4 and 7 were used to obtain the best estimators with respect to MSE.
4.4 Variance of the error term (%)
The variance of the error terms is taken as o2 = 1, 8, 30, 100 and 200.
4.5 Criteria for Measuring Goodness of an Estimator
We use the MSE to measure the goodness of an estimator. Ridge estimators are proposed to have smaller
MSE compared to LS estimators. The MSE and the predictive ability of the estimators were evaluated

by computing
p 2000

AMSE(S 2000;2 Bis — Bi)?

where, Bisdenote the estimator of the i*" parameter in the s*” replication and 3;, i = 1,2, ..., p are the
true parameter values. ‘5’ parameter vectors are chosen arbitrarily with/or without intercepts. Values
of “f,,” reported, indicates the frequency with which each estimator had the lowest AMSFE (,5’ ). We
consider the method that leads to the maximum “f,,,” to the best from the AMSE point of view.

4.6 Replications

The experiment is repeated 2000 times and computed “f,,” values for all estimators. The simulation is
carried out for data exhibits with multicollinearity.

Part A:

Here, to investigate the performance of the suggested estimator B M A compare to B LS, 5 A1, B 42 and B RR
estimators computed using different ridge parameters listed in Appendix. We consider, p = 0.99; p = 4;
n =20,50,100; o2 = 1, 8, 30,100 and 200. Two thousand simulations are run and AMSE of estimators
were computed. For each simulation, the dependent variables are computed by the specified protocol.
Values of “f,;”” computed and reported in Table-1.

From Table-1, it is found that there is no explicit ridge parameter that performs well in every situation.
The ridge estimators act differently in various sample sizes, dimensions and error variances. However,
lead to which is the best estimator in each of different situation and which one of the best among all
estimators we briefly summarized the results from Table-1 and reported in Table-2. In the following we
listed findings of the results reported in Table-1.

1. In general, LS give better performances at low error variances and increasing sample sizes.
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2. By increasing both the error variance and sample size performance of 3 42 is improved.
3. Proposed estimator B4 gives better performance not only for increasing the error variance but
also for sample sizes. However, for each sample size at low error variances 374 gives less perfor-

mance compare to others.

4. Including ﬁ A1, ﬂARR at different choice of ‘k’ gives the mixed performance. There is no any
particular ‘£’ for which Srp gives continuously better performance than others.

Table 1 “f,,” values of LS and other estimators (p = 4, p = 0.99)

Estim&tor | n = 20 50 100
o2=[8 [30 [100[200]1 [8 [30 [100[200]1 [8 |30 [100] 200
1

Buid - 0 208 | 534 (386|294 0 |14 |718| 658,440/ 0 [0 |302]|712] 506

Ba1| - 0 10 |48 (2 |8 [0 |0 |72 |4 |2 |0 |0 |28 |18 |2

Baz| - 0 0 |32 [282]168/0 |0 |0 |250(348/0 |0 |0 | 114|386

Brr| ki 6 2 10 |2 [2 |0 |2 |0 |0 |0 [0 |2 [4 |2 |oO
ko 26 [2 o [2 [10 |34 10 [2 [2 [2 [16]28[4 |0 |0
ks 8 6 [2 o o [12]8 o o |o |10 4 [6 [0 |O
ky 0 66 [2 Jo o [4 [8 [2 Jo [0 [o [2 |2 |2
ks 0 2 108 [4 [0 [o [12]2 [8 |o |0 |14 6 |14
ke 0 2 1o o o [2 Jo o Jo o |4 [4 [o [o |o
ke 4 o [0 [o [o Jo [2 |2 o Jo [o [o Jo [o [o
ks 2 10 (16 [10 [2 [0 |16 [40 [4 |4 [0 [0 [28 |18 |16
kg 0 o [2 Jo [o o o [8 o [2 [2 |6 [12]6 |0
ko |6 o (o Jo [o [4 |4 [2 Jo o [2 J10]6e [2 |2
kn [ 118 o o o |0 [278]16 [0 [0 [0 [45[|32 |0 [0 |0
kio | 68 1210 [o Jo [156]34 |2 |2 o [72[28 ]2 |0 |4
kis |12 8 |8 |6 |0 [28[8 [12]0 [2 [54]8 |12 ]6 |6
kia |0 16 [10 [8 [16]0 [0 |14 |12 |20 [0 [0 [18 [24 |10
ks [116 [2 o o o [28 6 [0 [0 [0 [0 |6 |4 |0 |oO
kig |4 6 |2 [0 o o [4 [o o [o [o [36 [0 [0 |oO
kiv [ 8 2210 |0 [0 |60 [64 [6 [0 [0 [18 |92 [22 |6 |0
kis |6 4 14 Jo [o o |6 [4 o [o [4 [12]70 [0 |2
kig |0 o [o Jo [o [o o Jo [o [o [2 Jo [o [o Jo
koo |18 [0 |0 0o o [18 ][0 [0 [0 [0 [18 |0 [0 [0 |oO
kor |56 |24 |22 |18 |6 [32 [42 [22 [12 [12 |44 [40 [24 [ 18 | 12
keo [30 [20 |8 |2 |2 |24 [18 [22[8 [2 [30 |50 [22 |16 |4
kos | 44 18 |6 [8 [2 [52 36 |10 12 |2 |18 |26 [18 [8 |6
kea | O 6 [4 [0 [0 [0 [2 [4 Jo o o [4 [o [o |o
kas |14 |8 [24 14 o 146 |6 [0 [0 [4 [8 [4 [0 |o
kas | 8 8 |6 [0 o [6 [32]6 [0 [0 [4 [30]6 [0 |0
kar |8 o [o Jo [o [6 o [o [o [o [2 Jo [o [o Jo
kas | O 0 [0 [4 [24 0o o [o [o [10]0 [0 JOo [0 |O
kag | 0O o [0 [6 [8 o o [o [2 [4 [o [o Jo [0 |oO
ksp |0 o [o [6 [8 o o [o [o [4 [0 [0 Jo [0 |2
ksi |0 18 [16 [0 [0 [0 [12 |24 o |0 |6 [32]14]6
kso |0 26 (26 |6 [12 [0 [4 [14]6 [20]0 [2 |6 |6 |20
kss |0 14 1218 [2 [o [8 |28 12 |2 o [2 [26 20 [12

Continued. ...

66




A .V. Dorugade: Modified Alternative to Ridge Estimator

24
18
36

24
10

22

16

36

28

oo Njo | |lolololan|lolv oo o |w t|N[C|lolnN|jv|onN|oloc|loc|lo|lolaN |t (oo O < | (=Ble\ o
O [t [N =) [\ <t I\ oo \Bl=}
Slo|ld |~ |—|— |l N|oclo|lv|— oo |lololN|— AN ||t |oo|F ot |v|C|oc|loc|lonN|Cc|loO|IN|N |0 |[— [0 |0 |— AN | |—|n |
A<t |00 o 0 o<t o [\ o o A [\O |00 (00 | |\O
olNocloloF|I—nolnh|oln|F|olc|loTFIN|C|o——|C|lo|—~|F|O|—|C|o|—=|C|C|D|w|N|O ||t |0 |||t | |—|—[O|—|—|\© |

Ne)

Ne} =1 =\ A=) <t I\ O O |\ Ne} o |\ <t (=Nl o) =2\ olo|lo|o |

N|w|loolo A NN oN|Colo|lo—|olo—~INAN|AN|—|o|[o|—|N [t |o—|d|o|v|—|—lNo|lolo|—|o|o|F|— |0 [N n ||~
No)

Nel[=) ) No) Ne) Ne} =) <+ o ™ <t
N~ ololoclololodolcoclololc|lo—|o|loln|t|—|[©|w|— |Vl NN AN~ NOC|IN|O|t|w|o|lo|o|t|o|o|o|t ||| |— < |—
ot O N I\ (=B NoRTe\ <t o No)
ool N |(FoloFINON|— |0 O|l—nh|—NN|ClolN|NONClo|lo|lc|lc|lo|lo|lo|loc|lo|lo|lo|lo|—|w|o|laN|t|—|o|N|—|o

oo 9\ o AN (AN N [\ <t
Clolo N |o|l—|lv|olo|— N[Ol |ololN|AN |~V [t |oo|lN|F|olNN|cloc|loc|loloN|co|lolo|IHIN | |ON|AN [N |O | |0 (O
A o Ne} O | o <t o Ne) O |00 <t
NololfFlN|jw |~ NON|w|—|lolo|lo|lo|t|—|—|[V|lw|w|o|—=|aN|— 0N |— | |o|lx|o|lo|lo|lo|lo|lo|a|v|o|N ||| | |—|n|< |||
<t
[ <t [\© [\© [\© | O < No) S o <t [N oo N I <t [© o<
—tlololon| N —naN—~ oo~ |[0lo|N|[O©|—|t|F|o|N |t |n|—|Olo|o|lo|—|—|C|lo|lo|lo|o|—|o|o|N || |— | | |— "
<t )
N t~ I\ N \Bl= O |t I\ N N N No)
At oo |loolnNlclonN|t oo |o—|o|lon|w |t |t —|—[O|lo|ln|—|N|jw|C|O|—|F|lolNC|loC|N OOV |00 |N NN |[—
< [ [ o oo o No)
clolN—|AN |t | c|loloN|cloN|©|—|olN|lv—NC|loo|IHC|loIFIo|Icc|Ioc|o|oc|c|oo|oo|N|— |t ||| (0| |o (O
(=S NN} O O <t N N} al o [\ o
SCloIN|—|h|O|—=|—|olo|—|—|old|N|ocjlo|t|—|voNcloo|Id|C|lo|IFo|Icc|oc|lo|lc|c|co|F|o|on | =l |F|—|v|o|—|O
O [ |O |00 |\O O |\© O < [N [N <t O |\O |+ Ne} )
Slolo|=|l—|—m|—m|—momNmlnN|oc|lv|lolnN |~ [T |—|[Clo|C|w|w |+ N |—Clo|lo|lc|o|o|lo|lo|o|v |t |FIN|—=|— ||| || |||
o)
<t <t [ (o &\ O [N 0[O | No) ) S N <t [t oo <t
—NjololowvmajnolfF|loNN|o|lo|lo|v|o|w|—|——|lo|—|Vv|N|o|R|[VN|[v|c|o|v|v|o|nN|C|N|N|— || |— || |h | [\ | |—
o0 o0 <t | [e'e]
S |oo — o0 O [\O |00 N <+ |00 <t Nolle\Niw} N 00 |@ |\O [\O |0 |— O |
AN~ ololocojlolod |~ lololojlwoclolo—olovn|—[AN|w|—|[o|[O|— N[O~ 0|00 |—|—|w|o|lo|o|~|o|O|—
<t| W[ O | V| | S| =] | M| F| W] ©| | O O O —=H| | N F| WO O =] 0| | O H| N| M| FH| W| ©Of b=~ V| | O —=H| | O F| WO| ©| I~ V| | | —H| | | <
N M| | N | o F | | ] ] 0] o o 0] 0 10| W0 W0 10| 10| O © ©f O O © ©| ©| ©| ©f b~| b~| b~ M~ | I~ I~ P~ b~| I~ 0O 00| 00| 00| 00
PR PR - R g I PR RO PO PO PO PSR PO IR PO IR IR IR IR IR PR PR IR P PR PR PO RO PO RO RO RO RO RO RO RO R U R R R R RN R R RN R R R R R

67



THE ALIGARH JOURNAL OF STATISTICS, Vol. 45 (2025)

Continued. ...
kss 0 14 |24 | 4 2 0 10 |50 |30 |16 |2 14 |76 | 18 | 24
ks 40 |18 |10 | 2 0 14 |24 |18 |2 4 12 |52 |22 |20 |6
kg7 18 |66 |48 |16 |12 |0 54 |80 |40 |26 |0 72 | 132| 44 | 50
kss 16 | 4 0 0 0 8 2 0 0 0 8 0 0 0 0
kso 2 0 0 0 0 4 0 0 0 0 6 0 0 0 0
k9o 8 0 0 0 0 4 0 0 0 0 0 2 0 0 0
ko1 0 0 0 208 | 426 | 0 0 0 40 | 246| 0 0 0 6 50
kgo 0 0 0 2 4 0 0 0 0 0 0 0 0 0 0
kg3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
koy 0 2 10 | 8 4 0 0 12 | 2 8 0 0 14 | 6 14
kos 2 22 |12 | 4 6 0 44 |20 | 4 4 0 48 |26 | 8 2
kgg 4 86 | 12 | 2 0 0 78 |32 |6 0 0 64 |34 |16 |6
kg7 8 20 | 2 0 0 4 44 | 0 0 0 0 62 |4 0 0
kos 0 4 22 |24 |16 |0 8 4 20 [ 18 | O 2 8 6 14
kg9 0 8 32 |22 |14 |0 4 30 |20 |20 | O 0 16 |20 |24
k100 6 34 140 |12 |10 | O 26 |18 |20 | 10 |2 12 |22 |14 | 12
k101 0 20 | 26 | 8 10 | O 16 |20 |24 |8 0 4 16 |22 | 32
k102 0 28 |20 |12 | 8 0 4 26 |18 |12 | O 2 14 |28 |16
k103 6 14 |0 0 0 0 32 |16 0 0 0 48 | 2 0 0
k104 34 |18 | 8 0 0 30 |16 | 4 0 0 36 |26 |2 0 0
k105 2 32 132 |6 0 0 52 |50 |20 |4 0 36 (46 |12 |2
k106 0 26 |24 |14 |14 | O 32 112 |20 |6 2 28 |42 |20 | 10
k1o7 0 12 34 |14 [ 12 | O 26 | 8 12 {10 | O 14 {30 |34 |18
k108 0 40 | 4 4 0 0 42 |22 |0 0 0 48 |34 |0 0
k109 26 | 4 4 0 0 12 | 18 | 8 0 0 12 |10 | O 0 0
k110 46 |48 |18 | 4 0 60 |64 |6 0 0 80 | 60 |20 |2 0
k111 40 | 8 4 0 0 30 | 14 | 8 0 0 18 120 |0 0 0
k112 0 0 2 6 2 0 0 0 0 2 0 0 0 0 0
k113 0 0 2 10 |16 | O 0 0 6 10 | O 0 0 0 2
k114 0 0 4 10 |24 |0 0 0 0 10 | O 0 0 0 0
ki1s 11840 |16 |2 0 72 1112114 | O 0 86 | 114|128 | 0 0
ki1 102|116 | O 0 0 148 | 8 2 0 0 148 10 | 2 0 0
k117 0 28 |14 | O 0 0 34 |52 | 4 2 0 34 |44 | 4 0
ki1s 26 | 8 2 0 0 14 |18 |0 0 0 72 |32 | 4 0 0
k119 0 0 0 6 18 |0 0 0 6 4 0 0 0 0 2
k120 0 0 4 50 |80 | O 0 0 12 130 | O 0 0 4 12
k121 0 0 12 [ 18 |16 |0 0 0 24 122 10 0 0 20 | 26
k129 0 26 |26 | 6 2 0 10 |10 |14 | 4 0 2 60 |36 |22
kio3 0 0 66 | 16 | 6 0 0 22 |46 |12 | O 0 6 26 | 20
kio4 0 34 |18 |30 |44 |0 14 |2 30 |16 | O 20 |12 |20 | 12
kios 0 0 0 0 2 0 0 0 2 2 0 0 0 2 0
k126 0 10 |20 |28 |12 | O 20 |12 |16 |14 | O 6 26 | 10 | 10
kio7 0 0 4 8 14 |0 0 0 4 28 | 0 0 0 0 10
Continued. . ..
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kios | O 16 |14 [24 [8 [0 |12 20 [14 [4 [0 [8 [24 [26 |16
k129 | O 0 |6 |42 (22 [0 |0 [0 |12 ]300 |0 [0 |0 |2
k1o | O 30 [30 |12 [0 |0 |46 |16 |32 |16 |0 |34 |40 |40 | 14
kisi | O 0 |56 |16 |12 |0 |0 |2 |46 [34 |0 |0 |0 |20 |46
k12 | O 18 |16 |0 |0 [0 |12 224 [0 |0 |6 [32 |14 |6
kiss | O 0 [0 |6 |12]0 |0 [0 |0 [0 [0 |O [0 |0 |2
kisa | O 33 (10 |8 |2 |0 |42 [22 |30 (4 |0 |20 |30 |42 |14
k15 | O 0 |12 36 |46 |0 |0 |0 |38 |66 0 |0 [0 |8 |54
k16 | O 34 (22 |4 [2 |0 |22 (20 |14 [2 [0 [16 |30 |14 |4
kisr | 0 0 |18 |42 |24 [0 |0 [0 |20 |54 |0 |0 [0 |12 [40
kiss | O 36 (32 |10 |10 |0 |52 |22 |20 [16 |0 |8 |32 |40 |22
kizg | O 2 (46 |20 [14 |0 |0 |6 |52 140 |0 |2 |56 |28
ko | O 26 20 |10 [4 |0 |6 |10 |8 [0 |0 [10 |16 |10 |6
kin | O 0 |8 |18 |18|0 |0 |0 |14 [18]0 |0 [0 |14 |12
k1w | O 22 (16 |8 [2 |0 |16 |10 |14 [4 |0 |16 |16 |24 |18
ki3 | O 0 |14 |24 |20 |0 |0 |0 |26 (340 |0 [0 |14 |22
kiaa | O 6 |14 |30 [22 |0 |4 |8 |24 (300 |6 |2 |24 |16
ki | 2 0 |0 |142[208[0 |0 |0 |14 [42 |0 |2 [0 |2 |30
kg | O 20 (22 |0 |8 |0 |30 |18 |12 |4 |0 |8 |18 |10 |8
ki |64 |38 [12 |8 |18 |44 |36 |14 |8 |0 |54 |38 |14 |14 |16
ks | O 5400 |0 [0 |0 |42 [24]0 [0 |0 [30 |24 |16 |6
ko |46 |2 |0 |0 |0 |58 |16 |0 |0 |0 |58 [14 4 |0 |0
Brs | - 142 [2 Jo o [o [282]6 [o [o [o [478]26 [0 [0 o

From Table-1 we observed that for fixed value of ‘p = 0.99’ and p=4 changes the values of n and o2.
There are 15 set of (p, p, n,02) values. These are arranged as (0.99, 4, 20, 1), (0.99, 4, 20, 8),..., (0.99,
4, 100, 200) and numbered as 1, 2,..., 15 respectively.

In Table-2 we have listed first five preferably estimators according to values of ‘f,,” in decreasing
order over all 15 set. Then count ‘b’ as the number of times each estimator appeared at first preference
only, over all 15 sets. Highest the value of ‘b’ the corresponding estimator is the best among all the
estimators over all 15 sets.
Table 2 Preference list of estimators ( p = 0.99, p = 4)

n =20 50
c2=1 8 30 100 200 1 8 30 100 200
Brr(k34) Bara _ Bua Bara Brr(kor) | PBrs Brr(kr) | Bua Bara Bua
_ Prs Prr(kra) | Prr(K123) | Pag _ Bua Brr(ks2) | Brr(kus) | Brr(ksr) | Baz _Baz
Brr(k115) | Brr(kes) | Brr(k131) | Brr(K91) | Brr(Kk14s) | Brr(k11) | Brr(kos) Bai Brr(k139) | Brr(ko1)
Brr(ks2) | Brr(ksr) | Brr(ksr) | Brr(ks) Baz Brr(k34) | Brr(k110) | Brr(k117) | Brr(k131) | BrR(K135)
Brr(k11) | Brr(k148) Bai Brr(k120) | Brr(k120) | Brr(Kk12) | Brr(k17) | Brr(k10s) | Brr(k123) | BrR(K137)
n = 100
o’ =1 8 30 100 200
BLs Brr(kr) | Bua Bara Bara
Brr(kss) | Brr(kus) | frr(kst) | Bao _ Bas
Brr(k11) | Brr(k17) | Brr(kss) | Brr(k139) | Brr(Kk135)
Brr(k116) | Brr(ks7) | Brr(kso) | Brr(ks7) | Brr(ket)
Brr(k115) | Brr(kes) | Brr(ks3) | Brr(k134) | Brr(ks7)

From Table -2 we observed that our suggested estimator 5’ M A 1s appearing 9 times out of 15 at the first
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preference hence having maximum value of ‘b’ as compare to other estimators. Finally, we conclude that
Brra produce better results compare to other estimators which are considered under this study.
Part B:
In the same vein, to compute and represent the results under various degree of multicollinearity i.e., at
low, moderate and high degree of multicollinearity, we consider p = 0.90, 0.95, 0.99, 0.999 and 0.9999.
Here input values are p (= 2, 4, 7), n (= 20, 50, 100, 400, 1000) and 02(= 1, 8, 30, 100, 200). These input
values are ordered according to the increase of values. For each selected p, for fixed value of ‘p’ changes
the values of p, n and o?. There are 75 set of (p, ps n,02) values. These are arranged as (0.90, 2, 20, 1),
(0.90, 2, 20, 8)...., (0.90,7,1000,200) and numbered as 1, 2,..., 75 respectively. For arbitrarily chosen
parameter vectors ‘3’, values of “f,,,” are computed for all the 75 possible sets. According to values of
‘f;,’ in decreasing order over all 75 sets we short listed the best preferably 5 estimators for each choice
of ‘p’. Then count the value of ‘b’ for each estimator appears at first preference over all 75 sets and these
results are reported in Table-3.

Table 3 Preference list of estimators

p=0.90 0.95 0.99 0.999 0.9999
Bara Bara Bara Bara Bara
Brr(ks2) | Brr(k11) | Brr(ks2) | Brr(Kk107) | Brr(ks7)
Brr(k11) | Brr(k11) | Brr(k11) | Brr(ki1) | Brr(kst)
Brr(k10) | Brr(k11) | Brr(k10) | BrE(K106) | BrRR(K106)
Brr(k121) | Brr(k74) | Brr(kso) | Brr(Kk123) | BrR(Kk123)

From Table-3, we observe that our suggested estimator B M 4 18 not sensitive to the level of multicollinear-
ity. At each level of multicollinearity it is at the first preference among the preference list of five estima-
tors.

Finally, although there are many strategies for choosing an optimal value for “k”, there is no consen-
sus regarding the best or most general way to choose “k”. Hence, suggested estimator in this article is
better alternative to ridge estimator to cope with the problem of multicollinearity in linear regression.

5 Conclusion

Suggested improved alternative estimator B 1 4 18 totally free from unknown ridge parameter “k”’, which
obviously reduces the computational part of “k£” and results in simplest method of estimation of .
Finally, in the presence of multicollinearity the suggested estimator performed better in terms of MSE as
compared to other estimators which are considered under this study. We believe that the findings of this
paper will be useful for the practitioners.

6 Acknowledgement

I am very grateful to the esteemed reviewers for their invaluable suggestions which help in writing the
present version of the paper.

7 Conflicts of Interest

Authors declare that they have no conflicts of interest.

Appendix: List of ridge parameters considered

1. ki =6%/a2

max

(Hoerl & Kannard | (1970))
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»

Ee

b

(@)

=~

o

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

ks = 62 / max(&;) (Hoerl & Kannard |(1970))

ks =62/ %Y | & (Hoerl & Kannard |(1970)
. A2 R _
Find k4 S.t.,Zle &2(27;)\%) = p0'2 (#}7{2)

)

Sclove

1973))

ks = argmingso L 3 es(u)/ {1 — his(u)}> ((Allen] (1974))

e;(k)the residual of the i*" observation in the fitted model with ridge parameterk,

H(k) = [hi;(k)] = X(X'X + k)71 X

. ke =po?/ > Y, &;? (Hoerl et al{(1975))

p6?

Find k7 s.t., compute k;

key — k-
until kg = OB Gl < dwhere, §
(i-1)

) = {a(k(i_l))/a(k(i—l))}

Hoerl & Kannard

1976))

= 20tr

ks =p6? /> P | Nid? (] Lawless & Wang |(11976|))

ko= S0, (v ) [E0 (vad)]

ko= (p—2) &2/ > G )

7/

-1.3

and k1) =0

Hocking et al.|(1976) )

Find k11 = k s.t., Minimzes ‘Zle N (kai?(k) —6%) / (h + k)3’

(Dempster et al.| (1977))

Find k12 s.t., 30, {d?/ (&2 (1?12 + ,\%)ﬂ —F

ki = argmin,zon Y0 e(w)? /[0, {1 = ha(w)})

kis = 1/42,,, (Schaefer et al | (1984))

max

ks = 1 / ' B (Schacfer et al(1984))

kg = (p+ 1) / # B (Schaefer et al.| (1984))

Dempster et al.{(1977

Golub et al.

1979))

kir = p2) S &2/ [1+ (14N (62/62)) V2] }

klg = (7’1 —2)(52/OA/CA¥

if (8- J)l (8-7) > 62r(x'x)™!

kg = (r1 —2) &QtT(X/X)/(’f’l?JI@) Brown (1994
po?
Find koo = k s.t., k = (3*J)AgB*J)f&2tr(X'X)—1
_ps*
(B=J) (5=J)

where, J = [27;21 Bz/p} I,x1 (Crouse et al.

b = (0, /2) /p (Kibrid 2009

koo = Median (62/a2) (2003))
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1995))

(Nomura

)

otherwise

(1988))

where, rq the rank of X )
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23.

24,
25.
26.

27.

28.

29.

30.

31.
32.
33.
34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

kg = 5% (IT0- 62)"" (Kibria (2003))

k2s = (Amax6?)/((n —p — 1)6% + AmaxG?max)  (Khalaf & Shukur| (2005))

ka5 = max [(Ai6?)/((n — p—1)62 + \i&;?)] ( Alkhamisi,Khalaf & Shukur|(2006))

koe = mean [(X6?)/((n —p—1)6% + X;i&;?)] ( Alkhamisi,Khalaf & Shukur (2006))

ko7 = median [(X\i62)/((n — p —1)6% + X\ié4?)] ( Alkhamisi,Khalaf & Shukur (2006))

ag = max (% + 1-) Alkhamisi & Shukur| (2007))
koo = A.M. (gi; + i) Alkhamisi & Shukur (2007))
k3o = Median (g—z + /\%) Alkhamisi & Shukur (2007))

ks = ke + (1/Amax) (Alkhamisi & Shukur| (2007))

kisa = ks + (1/Amax) (Alkhamisi & Shukur (2007))

kss = k1 + (1/Amax) (Alkhamisi & Shukur (2007))

b = 907/ Sl {2/ [ [(@0492/46°) + (6:'0/6%)] V2 = (@2%/26°)] }
(Batah et al.| (2008))
kss = G.M. [(X\i6?)/((n —p—1)6% + \i&,?)] (Muniz & Kibria [(2009))

kao = max (/a2 /52) (Muniz & Kibria | (2009))

kar = Median ( (/a3 /52) (Muniz & Kibria |(2009))
ks = G.M. (, Ja2 /&2> Muniz & Kibria | (2009))
kzo = G M. (, /62 /dg) Muniz & Kibria | (2009))

kyo = max (\/&2 /ag) Muniz & Kibria |(2009))

ky = Median (1/62/a2 ) (Muniz & Kibria |(2009))

k42 = max {0, [(p6’2 / aa) —(1/n (VIFi)maX)] } Dorugade & Kashid |(2010))

where VIF; = ﬁ

J
the squared multiple correlation coefficient resulting from the regression of X; against all other
explanatory variables.

ka3 = {&2)\max >oron (Nidi®) + [0 (N i) }/Amax >°i-1 (Ai 4i) (Al-Hassan |(2010))

kag = k1 + (1/mean();)) (Alkhamisi (2010))

j = 1,2,...,p is variance inflation factor of j** regressor ande2 is

kis = max (\/[(AmaXC}Q)/((n —p—1)62 + )\maxézﬂ)]) Muniz et al.| (2012)

ks = G.M. (\/[(Amax&2)/((n —p—1)6? + Amaxaﬂ)]) Muniz et al.| (2012))
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47.

48.

49.

50.

51. ks = [p/ 3P, |éu[]® (Alkhamisi| (2012))

52. ksa = {(n—p)(p+2)/[(n +2) (P, |a:)]}* (Alkhamisi (2012))
53. ksz3 = A.M. (26%/Amax@?)  (Dorugade (2014b))

54. ksy = Median (262 /AmaxG?)  (Dorugade] (2014b))

55. kss = G.M. (262 /Amax@?) (Dorugade| (2014b))

56. ksg = H.M. (26%/AmaxG?) (Dorugade| (2014b))

57. ksy = 6%/ min [(62/43) + (1/\)] (Dorugade; (20144)

58. ksg = A.M. (ki1&ke) (Khalaf & Iguernane | (2014))

59. ksg = G.M. (k1&ks) (Khalaf & Iguernane |(2014))

60. keo = H.M. (ki1&ke) (Khalaf & Iguernane |(2014))

61. kg1 = { ZZZ((%I%ZZ;)) /2 Z}c ]le__:: ><11 } Khalaf & Iguernane
62. kg2 = v/5p6? [ Amax > b &2 (Karaibrahimoglu et al| (2016))

63. ko3 = P62 /v Amax D by G (]Kara1brah1moglu et al[(2016))

64. key = 2p6? / P ( MY 4) O (IKaralbrahlmoglu et al. |(12016|)
65. kes = 2p& / VP (\) 2P, &2 (Karaibrahimoglu et al.| (2016))
66. keg = p262 J A2k 201 62 (Asar et al.|(2014))

67. k 362 [N Db 62 (]Asar et al|(2014))

68. kes = po /Ai{j’x P &2 (Asaret al. (2014))

69. koo = pi? [ (X \/)\7)1/3 P_ 42 ( Asar et al|(2014))

70. k7o = 2p62 /v Amax Dby 62 (Asar et al. (2014))

71. k7 = AM.(r;) where r; = correlation(Y, X;) i =1,2,...,p (Dorugade (2015))
72. kro = Median (r;) (Dorugade (2015))

73. kg3 = H.M.(r;) (Dorugade (2015)))

74. k74 = 6 (Dorugade (2016))

k47 = max [1/ (\/[()\maxc%Q)/((n —p—1)52 + )\maxdﬂ)])] Muniz et al| (2012

~

kis = G.M. [1 / (\/ [Omaxd2) /(0= p — 1)62 + Anaxii2

)])] (Muniz etal, 2012))

ki = Median [1 / (\/ [(Omaxd2) /(0 —p— 1)62 + Amaxaﬂ)])] Muniz et al.

2012

kso = p&? / & & where, 62 = RSS/n — p + 2 (Khalaf | (2012))

and RS Sdenote the residual sum of squares

2014
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75.
76.
7.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.
88.

89.
90.
91.
92.
93.
94.

95.
96.
97.
98.
99.

100.

101.
102.

k75 = max(\;) ( Alkhamisi & MacNeill | (2015))

krg = ADM.(N\;) (Alkhamisi & MacNeill | (2015))

k77 = Median ()\;) ( Alkhamisi & MacNeill | (2015))

krs = qk1 + (1 — @)k  where 0 < ¢ < 1 ( Alkhamisi & MacNeill | (2015))
k79 = qk1 + (1 — q)kg  where 0 < ¢ < 1 ( Alkhamisi & MacNeill | (2015))
kso = qk1 + (1 — q)ks1  where 0 < ¢ < 1 ( Alkhamisi & MacNeill | (2015))
ks1 = gk1 + (1 — q)k77  where 0 < ¢ < 1 ( Alkhamisi & MacNeill |(2015))
kse = qgke + (1 — q)kg where 0 < ¢ < 1 ( Alkhamisi & MacNeill | (2015))
kss = gke + (1 — q)ks1  where 0 < ¢ < 1 ( Alkhamisi & MacNeill |(2015))
ksa = gke + (1 — q)k77  where 0 < ¢ < 1 ( Alkhamisi & MacNeill |(2015))
kss = qkg + (1 — q)ks1  where 0 < ¢ < 1 ( Alkhamisi & MacNeill | (2015))
kse = gko + (1 — q)k77  where 0 < ¢ < 1 ( Alkhamisi & MacNeill |(2015))
ks7 = qks1 + (1 — q)k77  where 0 < g < 1 ( Alkhamisi & MacNeill |(2015))

kss = max(w;) where, w; = (Amed&Q)/((n —p—1)6% + Anead?)
(Uzuke et al.|(2017))
ksg = Median (w;) (Uzuke et al[(2017))

koo = G.M.(w;) (Uzuke et al.{(2017))

kg1 = max(1/w;) (Uzuke et al.[(2017))

k9o = Median (1/w;) (Uzuke et al.| (2017))

kgg = G.M.(1/w;) (Uzuke et al. (2017))

Find koy = k;) s.t. k(jy = arg ming>o f(k, k(j_1)) (Wong & Chiu|(2015)) where, f(k, k(1)) =
N Y 242
6 Zf:l it+k)? + K Zf:l Nit+k)2(Nit+k(—1))?

start at k() = Owith the convention Iteration stops when ‘k(j) — k; _1)| <107% or j = 2000

kgs = sqrt(k;) (Lukman & Ayinde |(2017))

kgs = sqrt(ke) (Lukman & Ayinde |(2017))

ko7 = sqrt(kss) (Lukman & Ayinde |(2017))

kos = (3-F_, 6%/Xia?) /p (Lukman & Ayinde |(2017))

kg9 = sqrt(kes) (Lukman & Ayinde |(2017))

~—

1
k100 = 62 / (TTE_; Mia?)? (Lukman & Ayinde | (2017

k101 = sqrt(ki00) (Lukman & Ayinde |(2017))

k102 = Median (62 /(X\i&?)] (Lukman & Ayinde |(2017))
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103. ki3 = Median (sqrt(ww;)) where, ww; = (X\62)/((n —p —1)6% + X;é?)  (Lukman &
@017))

104. kioa = 3 30— (Ni6®) /((n —p = 1)6% + Xi@7)  (Lukman & Ayinde |(2017))

105. kip5 = sqrt(kips) (Lukman & Ayinde |(2017))

106. kios =p Yty (Xi6?)/((n—p—1)6% + Xi&?)  (Lukman & Ayinde |(2017))

107. k107 = Sq7‘t(l{7106) (]Lukman & Ayinde |q2017[))

108. kips = sqrt (k24) (Lukman & Ayinde |(2017))

109. kig9 = Median (sqrt(vv;)) where, vv; = ()\max&Q)/((n —p—1)5% + )\maxdf) (Lukman
& Ayinde | (2017))

110. k110 = max [(Amax6?)/((n —p — 1)6? + Amax@;?)] (Lukman & Ayinde |(2017))

11, ki1 = G M. [(Amax6?)/((n — p — 1)6? + Amax®;?)] (Lukman & Ayinde |(2017))

112. k112 = max [1/ (Amax6?) /((n — p — 1)6? + Amax@s?))] (Lukman & Ayinde |(2017))

113, ki3 = G.M. [1/ (Amax6?)/((n — p = 1)6? 4 Amax®?))]| (Lukman & Ayinde |(2017))

114. k114 = Median [1/ (()\maxr32)/((n —p—1)6% + )\maxdf))]
(Lukman & Ayinde | (2017))

115. kyis = AM. {sqrt [62/(Xié?)]} (Asar & Genc |(2015))

f
116. ki1 = G.M. {sqrt [6%/(\ia?)] } (Asar & Genc |(2015))

sar & Genc |(2015))

)]
)]
117. k117 = max {sqrt[ 2/ )\a ]}
)]

(A
118. kyig = H.M. {sqrt [62/(Xi62)] } (Asar & Genc |(2015))

119. kiig = AM. {sqrt [1/(6%/(Ni6?))] } (Asar & Genc |(2015))

120. k1o = H.M. {sqrt [1/(6%/(Ni6?))]} (Asar & Genc |(2015))

121. k91 = (1/k33) + (1/>\max) QLukman & Ayinde |(]2017D)

122. k122 = Vb33 + (1/Amax) (Lukman & Ayinde | (2017))

123. k123 = (1/v/k33) + (1/Amax) (Lukman & Ayinde | (2017))

124. k194 = max (62/62) 4 (1/Amax) (Lukman & Ayinde |(2017))

125. k195 = max [1/(6%/42)] + (1/Amax) (Lukman & Ayinde | (2017))

126. ko6 = max (,/ ) (1/Amax) (Lukman & Ayinde |(2017))

127, kuor = max [1/4/(62/62) | + (1/Amax) (Lukman & Ayinde |(2017))

128. ki2g = k21 + (1/Amax) (Lukman & Ayinde | (2017))

129. k129 = [1/median (1/ (62 /Xi62))] + (1/Amax) (Lukman & Ayinde |(2017))

130. kugo = |y/median (1/ (62/Xi62))] + (1/ Amax) (Lukman & Ayinde | (2017))
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131, kygy = [ /\/medum (1/ (62/ N ))J + (1/Amax) (Lukman & Ayinde |(2017))
132. ki3o = kg + (1/Amax) (Lukman & Ayinde |(2017))

133. kiss = (1/k103) + (1/Amax) (Lukman & Ayinde |(2017))

134. k134 = Vk103 + (1/Amax) (Lukman & Ayinde | (2017))

135. ki35 = (1/vk103) + (1/Amax) (Lukman & Ayinde |(2017))

136. k136 = ka3 + (1/Amax) (Lukman & Ayinde | (2017))

137. k137 = [1/A.M.(vv;)] + (1/Amax) 4= 1,2, ...,p (Lukman & Ayinde | (2017))
138. kiss = VA.M.(vv;) + (1/Amax) i=1,2,...,p (Lukman & Ayinde |(2017))

139. kigo = [ /,/A M. (vv;) } (1/Amax) i =1,2, ..., p (Lukman & Ayinde |(2017))
140. kiso = Median (6% /62) + (1/Amax) (Lukman & Ayinde |(2017))
141. ki1 = Median [1/ (6% /42)] + (1/Amax) (Lukman & Ayinde |(2017))

142. ka9 = Median (1 /&Q/d?) + (1/Amax) (Lukman & Ayinde |(2017))
143, kg3 = Medzcm[ / (6262 ] (1/Amax) (Lukman & Ayinde |(2017))

144. k144 = ke [max(&;)/ min(A;)] (Iguernane| (2016))
145. kya5 = ks [max(&;)/ min(A;)] (Iguernane| (2016)))

146. kiag = \/ median./ (62 /&2) (oktas & Sevinc|(2016))

147. k147 = 62 /(median (&;))? (oktas & Sevinc|(2016))

148, kyas = kg + (1 / Amaxd'&> (Bhat (2016))
149, k119 = ko + (Amin/2Amax) (Bhat (2016))

52— Y'Y—a,42'Y

where, &; is thei’" elementof &g, i = 1,2, ..., pand 62 is the LS estimator of o%i.e. P
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