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Abstract

In the current work, a novel estimator for estimating population variance has been proposed, employing
the available information of the median of the supplementary variate specifically regarding the simple
random sampling (SRS) technique. The characteristics of a recently introduced estimator have been
observed while utilizing a large sample approximation. It is evaluated both theoretically and empirically
by comparison with other well-known estimators of the population variance.

Keywords: Main (or study) variable, auxiliary (or supplementary) variable, median (second quartile),
mean squared error and percent relative efficiency.

1 Introduction

The principal objective in sampling theory is to use additional information to boost the precision of the
estimator of the target variable. The estimator’s precision may be increased at any stage during the selec-
tion process of the sampling unit or at the time of estimating the parameter(s) of interest. The selection
of suitable supplementary (auxiliary) information plays a key role while proposing an efficient estima-
tor of any parameter under different sampling techniques. Similar to estimating the population mean,
estimating the population variance also captured the interest of a number of researchers. In agriculture,
business, industry, medical sciences, and many other areas where the population is not likely to be sym-
metric (or skewed), the estimation of the population variance while dealing with a problem has played a
prime role. On throwing light on the works of several researchers, one is able to notice the importance
of the estimation of variance of the population of the target variate using a priori information under SRS.

Variance plays a very important role in our daily life. It is a well-known fact that two individuals
or data sets or populations are not likely the same, which gives the cause of variation. A product man-
ufacturer industry needs to have clear knowledge about the variations in customers’ liking or disliking
of the quality as well as the price of the product so that one may improve the quality of the product
or reduce the price. An economist/investor should possess the adequate understanding of variations in
stock/market rate to be able to plan when, where, and how much to invest the money during the financial
year so that the profit (or loss) is maximum (or minimum). A physician must have clear insights into
variations in the degree of human blood pressure, blood sugar, and body temperature, as well as pulse
rate, for adequate prescription. There are some more examples available in our practical life where the
importance of estimation of variance of the population of the target variate can be observed.

The estimation of the variance technique was first introduced and its features were investigated by
Isaki (1983) with the help of auxiliary information. Prasad and Singh (1990) have given an improved
ratio-type estimator for the variance of the finite population of the target variable. Utilizing the details of
the coefficient of kurtosis based on supplementary information, Upadhyaya and Singh (1999) provided
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a new estimator of the variance of the finite population. Under the both sampling techniques SRS and
stratified, some new ratio type estimators for the population variance were given by Kadilar and Cingi
(2006). On the same line, another elevated estimator for population variance was searched out by Tailor
and Sharma (2012) in the existence of supplementary information.

With all these modifications in consideration, Subramani and Kumarapandiyan (2012a, 2012b) intro-
duced the variance estimation technique using quartiles, median as well as some functions of quartiles of
an ancillary variable which improves the efficiency of the same over other considered estimators taken
in the study. Again, Subramani and Kumarapandiyan (2013) dealt with the variance estimation problem
using known value of median or second quartile and other parameters for boosting the efficiency of the
same. Further, Singh and Solanki (2013) and Khan and Shabbir (2013) enhanced the work on improved
estimators for the variance estimation employing quartile values of additional variable. Apart from these
researchers, Yadav et al. (2013a, 2013b) have focused while proposing a generalized estimator of vari-
ance of the population based on target variate. They utilized the particulars available on coefficient of
variation of supplementary variable for developing the estimators. Yadav et al. (2014) provided a family
of estimators of the population variance that contained other known estimators as a subclass of itself and
more competent than other estimators present in the literature. After that, Yadav (2021) propounded the
variance estimation technique making use of quartiles of supplementary variate which increased accu-
racy of the estimator.

Some known estimators of variance based on the population like standard unbiased estimator s2 ,
Isaki (1983) estimator, Kadilar and Cingi (2006) estimator, Subramani and Kumarapandiyan (2012a,
2013) estimators are shown in the following Table 1 accompanying with their biases and MSEs.

Table 1: Some known estimators of variance of the population

Estimators(.) Bias(.) Mean Squared Error(.)
to = s, ] - 7S, (Mo — 1)
tr =5 (%22> 7Sy (Moa — 1)(1 = C) YSy[(Aao — 1) + (Aoa — 1)(1 = 20)]
Tsaki (1983)
2_
b= ﬁg*gﬂ VS (Aoa — 1)01(01 — C) | ¥Sy[(Aao — 1) + 01 (Aos — 1) (61 — 2C)]
Kadilar and Cingi(2006) ‘
t =5} |55 ] Y52t — 1)0a(0 — C) | vS4 (Mo — 1) + fa (Ao — 1)(8s — 20)]
5z 4— - 40 — - -
Kadilar and Cingi(2006) Yo 2 yiod 2o ?
ts =} || S2 (ot — 1)03(85 — C) | 7S1[(ao — 1) + O5(Aos — 1)(65 — 20)]
5282 (x)—Cx — o (B2 — — 1)+ 6- _ Y —
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Subramani and Kumarapandiyan (2012a)
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where the population means of Y and X are respectively expressed as :

N
PNy
=1
and
N
X =N ZXZ
=1



Yadav: Use of Median for Constructing a Competent Estimator . . .

; the population variances of Y and X are respectively defined as:

N
i =N =17 Y-

1=

—_

and

S2=(N-1)"1) (X; - X)?

xT

M-

i=1

the covariance between X and Y:

N
Sey= (N =171 (X = X)(Yi = V)

=1

the coeff. of correlation between Y and X:

p= S:ch/(sxsy)

CV(y):
Cy = 8,/Y

and CV(x):
C,=85, /X'

the coeff. of kurtosis of x:
Ba(r) = poa/ 1
the sample variances of y and x are respectively defined as:

n

sy=m—=1)7"Y (v~ 9’

i=1
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Sz
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Ars = urs(u(()“;mué%/?))_l , frs = N71 ZZN:1(Yz —Y)"(X; — X)* ; (where 1, s being positive
integers).

It has been discovered that the estimators due to Subramani and Kumarapandiyan (2012a, 2013)
have used information available on second quartile ()2 (or median) along with the CV of x, the sample
variance s2 and the population variance S? . After monitoring the form of these mentioned estimators,
it is found that the unit of Q2 (or median), S2 and s2 are not same, i.e., the units of S? and s2 are in
the square of the unit of the original variable x while ()2 is of original variable x. This motivates the
author to construct new estimator for population variance and throw some light on its properties whose
precision is higher.

2 A New Estimator

Getting ideas and motivation from Subramani and Kumarapandiyan (2012a, 2013), a new estimator
has been constructed for Sj utilizing the knowledge of square of second quartile (or median M2 ) and
coefficient of kurtosis S2(z) which is expressed as follows:

Ba(1)S? + M?
Ty, — g2 z x 2.1
w=d{ G D
The bias and MSE of the estimator 7}, are derived upto the first order approximation under the large
sample assumptions by using the following transformations: sg = Sg(l + &), 82 = S2(1 + &) such
that E(§o) = E(§1) =0
Under the above transformations, we have

B(&) = (Mo — 1)/n

E(&) = (Moa — 1)/

E(&&1) = (A2 —1)/n
Re-writing (2.1) in terms of £’s , the expression is converted as follows:
Ba(x)S2 + M }

Ba(2)SZ(L+ &) + M3

Tar = S;(1+ &)1+ 6%6) 7" (2.2)

Ty = Sp(1+4 &) {

e Ba(a)S?
where 0" = <ﬁ2<5>§§+M§)

We presuppose that [§*¢1| < 1, so that(1 + 6*¢;) ™! is expandable in terms of power series. Now, its
form reduces to
Tar = Sp(1+ &) (1 — 0%& + 626 — ...

Overlooking £’s term containing power higher than 2 (two), the expression becomes as follows:
(Tnr — S7) = Syl(€0 — 0°&1 + 027 — 076o6))] 2.3)

Employing the properties of the expectation on the equation (2.3), Bias(7) has been obtained as ex-
pressed in the following equation:

Sy

n

Bias(Tu) = “L[08; (x)(8 — C)] 2.4)

After getting bias of the suggested estimator, again consider the equation (2.3), squaring it and excluding
those terms of £’s whose power is more than 2, it provides

(Tar — S2)% = Syléo — 0% (2.5)
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Now applying expectation on above equation to achieve the MSE of the estimator T); as expressed in
the equation (2.6):

4
MSE(Ty) = 253() + 053 (@) (6" — 20 26)

The MSE of the estimator T, given by above equation (2.6) is optimized for * = C'. Thus, the optimum
(or minimum) MSE of T’ is obtained as

54
MSE(Ta)opt. = —* 33 (y) — C*B3 ()] @7

3 Theoretical Comparison for Efficiency

After obtaining the expression for MSE of the recommended estimator T, , a comparison has been
performed between the MSEs of the estimator 77, and the other stated estimators (as given in Table
1) and found the circumstances in which the suggested estimator 7, executed excelling to the stan-
dard unbiased estimator 55 , Isaki (1983) estimator, Kadilar and Cingi (2006) estimator, Subramani and
Kumarapandiyan (2012a, 2013) ¢, (k=1,2...6) estimators. The expressions of inequalities are as follows:

L. MSE(Ty) < MSE(s),  iff

C> 5 3.1

IL MSE(TM) < MSE(tR), iff

min.{1,(2C — 1)} < 0* < maz.{1,(2C — 1)} (3.2)

. MSE(Ty) < MSE(ty,); k=12..6  iff

min.[0, (2C — 0)] < 60 < max.[0k, (2C — 6i)];k =1,2...6 (3.3)

From the above equations (3.1), (3.2) and (3.3), it is observed that the proposed estimator 73, outper-
formed the considered estimators in present study.

4 Exploratory Comparison for Efficiency

Any study is incomplete without judging its precision or efficiency on different population data sets.
To support the results came from theoretical comparison done in earlier section, now the numerical
comparison is performed over the considered estimators (as mentioned in Table 1) using two population
data sets, first is given by Murthy (1967) and second by Singh and Chaudhary (1986).
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Population data set 1 | Population data set 2

N 80 70

n 20 25

Y 51.8264 96.7000
X 11.2646 175.2671

P 0.9413 0.7293
Sy 18.3549 60.7140
Cy 0.3542 0.6254
Sz 8.4563 140.85
Cy 0.7507 0.8037
Ao4 2.8664 7.0952
A40 2.2667 4.7596
A22 2.2209 4.6038
Q2 10.300 160.30

The PREs of the estimators t;, (k=1,2....6) and T); have been computed with respect to the standard
unbiased estimator by implementing the formula provided below so that the outcomes of the efficiency
comparison of the considered estimators would be achieved.

MSE(s})

=—————x100;(k=1,2,.....

PRE(ty, s;)

The values are represented in the Table -2 as given below:

Table 2

Estimators(.) Population 1 | Population 2
te =52 (%) 1832345 | 1420218
h=s2 | SC 179.6210813 | 142.01093

tp = 53 | S5=02l) 169.2398 | 141.9261

ty =52 | S2=Cel | 1819786 | 142.0202
ti=s2 | o= | 1644934 | 141.9028

ts = 2 | 22 226.8671 144.1754

to = 52 | Horre 2381734 | 144.6995
Ty =3 { 2052} | 2706075 | 1858162

The findings of the above table showed that the attainment of the suggested estimator is preferable
than the standard unbiased estimator 332/ , Isaki (1983) estimator and ¢, (k=1,2....6) estimators.

5 Conclusion

The current study revealed a novel constructive estimator to estimate the variance of the finite population
under SRS through employing second quartile or median M, information. Its features have been exam-
ined under the approximation of large sample. But to study the characteristics of the estimator is not
enough, its efficiency comparison, theoretical as well as numerical, must required to achieve any fruitful
conclusion. Some expressions have been established for this purpose, showing that the recommended
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estimator functioned far superior to the standard unbiased estimator, Isaki (1983) estimator, Kadilar and
Cingi (2006) estimator, Subramani and Kumarapandiyan (2012a, 2013) ¢; (k=1,2...6) estimators. It has
been further assured with the help of the population data sets that the new proposed estimator really
executed and performed better over considered estimators under achieved conditions.
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