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Abstract X

Liu and Liu in 2007 introduced the random Fourier-Hermite transform > @, A4, (t) which is a ran-
dom Fourier - Hermite series with random coefficients AZ chosen randomly from the unit circle in C,
where 1, (t) are Hermite functions and @,, are Fourier-Hermite coefficients of an L?(R) function. They
used it in image encryption and decryption and expected its application in general signal and image
processing. This motivated us to investigate more on random Fourier-Hermite transform, replacing the
random variables A% by other random variables. It leads to address two problems. First, to focus on
the convergence of random Fourier—Hermite series. Secondly, to find out the Fourier transform of the
sum function of these random Fourier—Hermite series. The random variables those has been chosen are
Fourier—-Hermite coefficients of a stochastic process. They are found to be independent, if associated
with the Wiener process and a symmetric stable process of index 2. We could establish convergence of
the random Fourier-Hermite series if the scalars a,, are Fourier - Hermite coefficients of functions of
an L%(R) function. The Fourier transform of generalized Hermite functions and transformed Hermite
functions are found out which aid in finding the Fourier transform of the sum functions of these random
Fourier—Hermite series.

Keywords: Symmetric stable process, Stochastic integral, Random Fourier-Hermite series, Convergence
in mean, Convergence in probability.

1 Introduction

Let W (4, w), be the Wiener process for € R and w in the sample space 2. Hunt| (1951)) could define
stochastic integral [ f(0)W (dé,w) for f € L*(R) as a limit of Riemann-Stieltjes sum which is a
random variable. This led him to define random Fourier transform

/ it F(8)dW (8, w)

—00

for f € L?(R). [Liu & Liu/ (2007) introduced random Fourier transform in Hermite polynomials. It is
known that, f € L?(R) has the Fourier-Hermite series expansion

> anta(t) (0
n=0

where, a,, are the Fourier—Hermite coefficients of f [seeMuckenhoupt (1970); Wiener| (1933))]. Fourier
transform of f, denoted as F( f) is found to be

Ff1) =D andnthn(t), )
n=0
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using the fact that
F(hn(t)) := Anthn(t), teR 3)

where, A\, = e~ takes only 4 possible values {1, —1,i, —i}[cf. Askey & Wainger| (1965); Liu & Liu
(2007)]. Since the fractional Fourier transform of order 3, for § € Q is

FO(n(t)) = Anthn (t), “

it is true that -
"rﬁ[f(t)] = Z %Ag%(t) (5

n=0

Liu & Liu/(2007) extended Fourier transform(FT) of irrational order and obtained the series
~ o0 ~
FRF@)) = anAivn(t) (6)
n=0

where, A\ are randomly chosen scalars from the unit circle in C. He introduced the series (@) as the
random Fourier transform (RFT), which is a random Fourier series(RFS) in Hermite polynomials. They
used it in image encryption and decryption. They anticipate that this RFT approach will be necessary for
general signal and image processing and digital and optical image encryption. This work opens a path to
explore RFT. Findings in this direction may be helpful in physical sciences in the future.

From the point of Mathematical curiosity, it is interesting to know what will happen if any other
random variables replace the random variables of absolute value one. This replacement will give rise to
random Fourier—-Hermite Series(RFHS),

o
> an Xnthn(t), (7
n=0
where X, are some random variables.
Initially RFS
D an Xne™ ®)
nel

arose in the context of white noise, where X, are independent identically distributed random variables,
and a,, are Fourier coefficients of a function. The model for white noise was taken to be dd—VtV where W is
a Brownian motion. Subsequently, stable processes were found to be better models for white noise than
the Wiener process. Literatures on RFS involving stable processes are found in [cf. [Dash & Pattanayak
(2008)); INayak, Pattanayak & Mishra (1987)); Pattanayak & Sahoo|(2005)].

In this work, the random variables X,, are chosen as the Fourier coefficients of a continuous stochas-
tic process like the Wiener and stable processes. While dealing with the Wiener process, the random
coefficients X, are found to be independent but remain no longer independent if the stochastic process
is stable process of index not equal to 2. A natural question arises about the convergence of the ran-
dom series (7). The works on RFS associated with stochastic processes gives a way to look into these
problems.

It is well known that f; f(s)dW (s,w) is defined in quadratic mean if f € L?[a,b] and is a random
variable, where W (s,w) is a Wiener process. Additionally, the stochastic integral

b
/ £(5)dX (5,), ©)

is defined in the sense of probability and is a random variable if X (s,w), s € R is a continuous stochastic
process with independent increments, and f is a continuous function in [a, b][cf. [Lukacs (1975)]. If
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X (s,w) is a stochastic process that is symmetrically stable of index v € (1,2] and has an independent
increment, then the integral @) is defined in the sense of convergence in mean for f € LP[a,b] for all
p > v [cf. [Kwapien & Woyczynski| (1992)]. Nayak, Pattanayak & Mishral (1987)) considered random
series @) where, the random variables X, are the Fourier coefficients of a stochastic process and a,, are
Fourier coefficients of a function. They established convergence of the series to the stochastic integral
fab f(t)dX (t,w) in different stochastic sense, depending on the choice of the function f defined on [a, b]
whose Fourier coefficients are a,,.

These motivated us to explore RFS in Hermite functions, with random coefficients X,, being
Fourier—Hermite(FH) coefficients of a continuous stochastic process like the Wiener process and stable
process. The random series is considered to be in orthogonal transformed Hermite functions and the
random coefficients X, are chosen to be independent, while dealing with the Wiener process W (¢, w). If
the scalars d,, represent the FH coefficients of an L?(IR) function, the convergence of this series is proved
to be in the quadratic mean. The convergence of a sequence of random variables in quadratic mean is
defined as follows:

Definition 1 (cf. |Lukacs| (1975)). A sequence of random variables {X,} is said to converge in the
quadratic mean to a random variable X if all X,, and also X has finite-order moments and if li_>m E|X,—
n oo

X2=o.
In more general the convergence in the 7 mean is defined as below:

Definition 2 (cf Lukacs| (1975)). A sequence of random variables {X,,} is said to converge in the rth
mean to a random variable X if all X,, and also X have finite - moments of order v > 0 and if
lim F|X, — X|"=0.

n—00

When the process is stable, the series is considered to be in orthogonal Hermite functions and the
random variables X, are chosen to be independent. The convergence of this series holds in the sense of
mean if the scalars in the series are FH coefficients of an L?(R) function. The FT of the sum function of
these series are computed, which exist in quadratic mean and mean, respectively.

The Hermite polynomials H,,(t) of degree n are defined as H,(t) = (—1)"et2(%)”{6_t2}. These
polynomials are orthogonal to one another in terms of the weighted inner product with the weight func-

t

. _$2 .
tione ", i.e.,

/ Hy () Ho(H)e ™" dt = /72" 015, (10)

where, d,,, is the Kronecher’s delta function. The normalized Hermite functions, also known as Hermite-
Gaussian functions or simply Hermite functions of degree n (n € Ny) [cf. |Celeghini & Del Olmo| (2013,
2015); (Celeghini (2019); [Olver, Lozier, Boisvert & Clark| (2010)], are defined as

1 2
Un(t) = ———=H,(t)e"7, n>0, teR, (11)

V2rnly/m

such that
/ wm (75)% (t)dt = 5mn- (12)

The Hermite functions v, () provide a complete orthonormal framework on the Hilbert space L?(IR)[cf.
Muckenhoupt (1970)].

1
Pollard (1948) showed that, if f € L2(R) and || f[|2 = ( [ |f()[>e™*"dt)?, then

—00

| 'sn—fll2—0 13)
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o0

as n — oo where the n'* partial sum of the series >~ ax(t) is denoted by the symbol s,,. This
k=0

conclusion was expanded to a wider class of functions by |Askey & Wainger| (1965)). They discovered

that for f in LP(R), 3 < p < 4,

I f =" arve(t) =0, (14)
k=0

as n — oo where || f|,, is the typical norm of L? which is || f||, = {2 |f|pd:c}%.

Pawlak & Stadtmiiller|(2008)) extended this result further to LP(R), p > 1 and obtained that the series
(1) converges in LP(R) for t € R a.e..

This article is organized as follows: Section 2 deals with random series

Z b B (w02 (s), (15)
n=0

associated with the Wiener process. The orthogonal functions considered to be the transformed Her-
mite functions 1) (s), which are orthogonal about a weight function w(s). The scalars b,, represent the
Fourier-transformed Hermite coefficients of a function f in the weighted space L2(0, 1), and the random
variables B,, (w) are the Fourier coefficients of the Wiener process concerning the transformed Hermite
function, which are found to be independent.

The sum function is identified as the stochastic integral [~ f(¢)dX (¢,w), which exists in the sense
of quadratic mean. FT of this sum function is computed, which exists in quadratic mean. Computa-
tion of FT of the sum function of requires finding FT of the transformed Hermite function. Since
transformed Hermite functions are defined through generalized Hermite functions, the subsequent two
subsections discuss the FT of generalized Hermite functions and transformed Hermite functions.

Section 3 is related to the symmetric stable process of index 2. The integral ffooo f)dX(t,-) is
shown to exist by using the fact that C..(R) is dense in L(R). If f(t) = 1),,(t) is the normalised Hermite
function, then [ v, (t)dX (t,-) exists, which is denoted as A,,. Tt is shown that A,, are independent,
by using their characteristic functions(CF). The CF is computed in a wider sense by computing the CF of
25 f(t)dX (t,-) for f in L?(R). The convergence of a sequence of random variables in law required,
which is defined below. The scalars ,, are the FH coefficients of a function f in L?(R). FT of the sum
function of the series is then determined, which exists in the sense of mean.

Definition 3 (cf. Lukacs|(1975). Let {X,,} be a sequence of random variables with distribution function
{Fx, }. {Xn} is converges in law( or weakly) to X if distribution functions { Fx, } converges weakly to
a distribution function { Fx }.

2 Fourier transform of random Hermite series associated with Wiener
process

This section deals with the series in transformed Hermite functions, @%(t). If a function has a series

oo L
expansion in transformed Hermite function of the form > b,¢%(t), we can compute its FT as
n=0

> b F (1)), (16)
n=0

where, F(¢)2(t)) is the FT of ¢)%(t). The series is said to be the FT of f(¢), denoted as F(f(¢)) if

the infinite sum exists. To find FT of transformed Hermite function l;ni/;f{ (t), we have to go through
n=0
generalised Hermite functions.
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2.1 Fourier transform of generalized Hermite series:

Bao & Shen| (2005); \Guo, Shen & Xu| (2003); Xiang & Wang (2013) describe the generalised Hermite
function as

\/a a2t2

which are normalized so that
o0
/ Y (), (8)dt = Gpm. (18)
—00

The generalized Hermite functions 1% (t) are complete in L?(R). Hence for any function g € L?(R), we
have an associated expansion

= bat(h), (19)
n=0
where, -
by, := / g(s)(s)ds, n € Ng,s € R. (20)

For each given function g € L?(R), the Fourier-Hermite transform(FHT) and fractional Fourier—
Hermite transform(FrFHT) of (19) are

=D b F W5 (t). @1
and
= b F (¥ (1)) @2)
n=0
respectively. The n'”* eigenfunction of the Sturm-Liouville problem,
— () + oM f(t) — a2k + 1) f(t) = 0, (23)
is the function % (¢).
Since ) ;
ibt
F(hp(at + b)) = e a (),
(n(at +)) = Tre” S ()

a # 0,b € R, t € R [cf. Bultheel & Martinez-Sulburah (2006); [Liu & Liu| (2007)] and Po(t) =
Vvai), (at), it can be shown that

F2(t) = } wn(2), >0 (24)
The fractional FT of 1% (¢) is
Y
Fwe(t) = ﬁwwn(;), a>0,0<p<1. (25)

Hence the FHT and FrFHT of g € L?(R) becomes

<1 t
=S b At (). (26)
2 el
and
Z —=bn Ao ( >- @7
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2.2 Fourier transform of transformed Hermite series :

Generalised Hermite functions vy () defined in the domain R are transformed to Hermite functions
Y9 (t) in the domain (0, 1) by composition of 5 (¢) with a conformal map. [Saadatmandi & Akbari
(2017) considered the one-one conformal map as follows:

(28)

&
5
R

where (z) = In(7%; ). The inverse of ¢ becomes

The domain of ¢ is

Dp={z=t+is, t,seR: |aurg(1 ) <d< 2}

and the range is
Dgz{(b:a:+iy, x,yER:]3\<d§g},

for d > 0.
The real line interval between (0, 1) is mapped to the complete real line R by ¢(z). The range of
¢! on the real line is

Z=1(0,1).
The transformed Hermite functions 1/7,0{ (x) are defined as
Ui () = v o p(x) = Yi(d(z)),  a>0. (29)
They defined the weighted space:

L2(T) ={g:Z — R is measurable and lgllz2 ) < oo},

with weighted function w(t) = ¢ () = ﬁ which is a real-valued function that is integrable, non-
negative, and defined over the interval Z and

1 1
rme/m () Pw( ﬁ?—l/m ONCOIRDE (30)

is the norm induced by the inner product of the space L2 (Z). The system {1 (t)}°2, are mutually
orthogonal over the interval (0, 1) with respect to this weight function w(t) [cf. Saadatmandl & Akbari
(2017)]. Given that the system {2 (t)}52 is complete in L2 (1), any function g € L2(0,1), can have
the series expansion in transformed Hermite functions, i.e.,

=" ba(1), 31)
n=0
where,
~ l ~
m:Ag@W@wwm (32)
for n € Ny, s € R. This means that
1
/0 |(8(£) — Gn(®)) [Pw(t)dt = 0, (33)
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where, gy (t) is the partial sum of the series (3I). The FHT and the FrFHT of the series can be
written as

= b F(P5(1) (34)
n=0
and
= b FP(5(). (35)
n=0
The function 1;;‘{, n € Ny are the n'” eigen function of the unique singular Sturm-Liouville problem
Lot () a?
—{t(1 —t)u (¢ t)— (2 1 t)=0
(0= ' 0+ §7 ) - @n+ ) su()

It is possible to calculate the FT of /% (t) as = /\nl/}n( - ) As a result, the FT of g(t) is computed
to be

ZB (20, (36)

Similarly the FrFHT of transformed Hermite function can be computed as ﬁAﬁwn(@) and hence the

FrFHT of g(t) can be expressed as Z bn \})\51@1(%).

2.3 Random Fourier transformed Hermite series associated with Wiener process:

The random series considered are in transformed Hermite functions. The random coefficients are related
to the Wiener process. Let W (s,w), s > 0 be the Wiener process. Since

1 1
E\/O f(s)dW(s,w)f:c?/o 1£(s)|2ds

for f € L?(0,1), where c is a constant connected to the process’s usual normal law of increment. The
stochastic integral fol f(s)\/W(s)dW (s,w) is defined in quadratic mean for f € L2(0,1).
In particular if f(s) = ¥2(s) € L2(0, 1) then the stochastic integrals

1
_ /0 32 (s)/w(s)dW (s,w),  n €Ny (37)

exist and are random variables called the FH coefficients of W (s, w). Since V2 (s)+/w(s) are continuous,
the random variables Bn(w) are normally distributed with mean 0 and finite variance[cf. [Lukacs|(1975),
p. 148]. The normality of B,,(w) implies their independentness by proving

E(By(w)Bm(w)) =0
for n £ m, in the following theorem.
Theorem 1. The random variables Bn(w), n e Ng are independent.

Proof. If a process Y (s, w) has orthogonal increments and if u,v € L?[a, b], then by [Doob| (1990)[ see
p. 427]

E(/abu(s)dW(s,w)/ab v(s)dW (s,w)) = /abu(s)v(s)ds,

7
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where v(s) is the complex conjugate of v(s). By applying this fact, we get
1 1
B(Bu)Bru(w)) = B( [ o) WEaW(s.) [T VwEaW (s.)
1
- /0 Ba ()08, (5)w(s)ds,

since the Wiener process W (s, w) has orthogonal increments. As

1 ~ ~

/0 B2 ()92 (5)W(s)ds = Gum

where, 6,,,,, = 0 for n # m [cf. [Saadatmandi & Akbari|(2017)], this proves that Bn(w) are independent
random variables. O

The convergence of the random series

S buBa(w) 35 (1) (38)

is shown below. Here the FH coefficients of g are defined as
~ 1 ~
by, = / P (s)g(s)w(s)ds, s> 0.
0
o0

Suppose the n'” partial sum of the series by, Bjs (w) 9 (¢) is
k=0 g

Su(t,w) :=> b Br(w) Y (t).
k=0
Substituting the integral form of B,,(w) in S, (¢, w), we get
~ n ~ 1 ~ ~
Saltw) = > bi( /0 V2 (s)v/W(s)dW (s,w)) i (t)
k=0

1 n
_ /0 S G ()52 (1) /W) AW (5,0).
k=0

0o
Denote the partial sum of the transformed Hermite series > b, (t) of § € L2,(0,1) as

n=0
En(t) = Z Ek/lz;?(t)
k=0

~ . ~
Since 15 (t) are bounded in (0, 1), > brepi(s)Yi(t) exists and let it be denoted as (s, t). Let us denote
k=0

the partial sum

as t,(s,t).

Theorem 2. Let g € L2(0,1) and W (t,w), t > 0, w € Q be the Wiener process. Then the random series
(@) in transformed Hermite functions converges in quadratic mean to the integral fol g(s,t)dW(s,w).

8
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Proof. The partial sum of the series (38) is
1
Sp(t,w) = / tn(s,t)\/W(s)dW (s,w).
0

We are aware that fol g(s,t)\/w(s)dW (s,w) exists in the notion of convergence in quadratic mean.

Now,
)
1 1
= E< /0 g(s,t)\/w(s)dW(s,w)—/O tn(s,t)\/W(s)dW (s,w)
1 ~
= E( / (9(s,t) = tn(s, 1))/ W(s)dW (s,w)

)
/\ Fus, 1)) Pw(s)ds,

which converges to 0 by (33)). Therefore, the theorem is proved. O

E(/ (5,6)\/W(s)dW (5,w) — Sp(t,w)
0

)

Let us use the notation F'(t,w) to represent the sum function fo $,t)\/W(s)dW (s,w) of the series

ngo ann(W) n( )-

Now it is possible to calculate the Fourier transform of F(¢,w) as
o0
- t
F(F(t,w) Z Zb By Akwn(ﬁ)), (39)

where Ay are eigenvalues of the transformed Hermite function with absolute value one. The following
theorem establishes the convergence of the series (39).

Theorem 3. If § € L2(0,1) and b, B, are defined as in and then the series

. t
Zb By ( Anwn<¢i)>, (40)
converges in the sense of quadratic mean to the stochastic integral fo (g(s,t)dW (s,w).
Proof. Denote the n'” partial sum of the series as
¢(t)

= Z by By (w )\M/)k( )- (41)

Its integral form is T}, (¢, w) fo (>0, \}bk¢k( ))\mﬁk(%)\/w(s))dW(s,w).
Denote » 72 bkwk( )wk( ) as g(s,t) as in Theoreml

The FT of g(s,t) can be computed to be f l;kl/;,‘j(s).?(zﬁ,?(t)) = > ﬁb}zﬁg(s))\kwk(@). Let
k=0 k=0

the partial sum of F(g(s,t)) be E %b}@f) () Atb (22 . Denote it as F (£, (s, t), where £, (s, t) :=

«

Z brab (s)ihg (t) is the partial sum of §(s,t). Now

Tt ) = /0 Fn(s, ) /W) AW (s, ).

9
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Since FT of a function in L2(0, 1) is in L2,(0, 1), the stochastic integral fol F(tn(s,t))/W(s)dW (s,w)
exists in the sense of convergence in quadratic mean. Now,

1 2

Bl [ FG(s,t)V/W(s)dW (s,w) — Ta(t, w)

0

= | |F(@5(s,0) = Euls, 1)) *W(s)ds

0
1
_ /0 13(5,1) — Ens, )| *w(s)ds

which converges to 0. Hence, the theorem is proved. 0

m ~ ~
Since the series (22)) converges we say Y . b, By (w) ﬁ)\nwn(%) is the FHT of the random function
n=0

F(t,w). Define 1@' to be the random FHT of the function § € L2(0, 1), associated with Wiener process,
which exists in quadratic mean.

3 Fourier transform of random Hermite series associated with symmetric
stable process

Let f € L?(R) and X (¢,.) be a stable process of index 2. The existence of the stochastic integral
S5 f(t)dX (t,-) is established in Theorem@below. The following lemma is used to prove this.

Lemma 1. [¢f |\Pattanayak & Sahoo (2005)] If X (t,-) for t € R is a symmetric stable process with
independent increment of index 7y, for 1 <~y < 2and g € LP[a,b], p > =, then

’ b — exp(—clu|” [* v
E< / g(t)dX(t,-)D < 7r(’y4—1)/ lg(t)hdt—i—i/HM ! p(=clul” Jo l9(®) dt)du.

02
Theorem 4. If X(t,-) for t € R is a symmetric stable process of index 2 and f € L*(R), then the
stochastic integral ffooo f(t)dX (t,-) exists in the sense of convergence in mean.

Proof. We are aware that C.(R) is dense in L?(R). So for f € L?(R) there exist a sequence of functions
{gr} in C.(R) such that (f — gx) € L*(R) and ||f — gx||2 approaches 0 as k — oo. Consider two
functions g, and g, from this sequence {g;}. Without loss of generality assume that the compact
support of g,,, and g, to be [a, b] and [c, d] respectively. Let [p, g] be the smallest closed sub - interval of
R which contains both [a, b] and [c, d]. Now both g,,, and g,, can be considered to be in L?[p, q]. Since
gm and g, are continuous, the stochastic integrals

q
/ g (t)dX (t,-), k = m, n,
p

exist in the sense of mean[see Pattanayak & Sahoo|(2005)]. Consequently the integrals | fooo gr(t)dX (t,-)
exist, as the support of gy, lies in [p, g]. Denote Y; := qu gi(t)dX (t,-), i = m,n. Application of Lemma

10
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[T]for v = 2 gives

E|Y, —Y,| = E(

[ o gn(Hdx (t,7) - - " gm(B)AX (1 )D
= 5(| [0 ~ompaxcc, )

) 9 1 —exp ( — C|u‘2 f; lgn(t) — gm(t)|2dt)
< 2 [ o) - gntar+ 2 . g du
92 1—exp (—clul® [* |gn(t) — gm(t)|?dt)
< W/_Oo|gn()_ m(t)2dt + 2 /|u>1 > dut.

Since ||gn — gmll2 = [ |9n — gm|dt approaches 0 as m, n — oo and the integrand in the 2" integral
is dominated by the integrable function - 1 over (—oo, —1] and [1, 00), the 2nd integral converges to 0
by dominated convergence theorem. Thus we obtain
lim E|Y,-Y,|=0.
m,n—0o0

So Y, is a Cauchy sequence in the sense of mean, and hence, there exists a random variable Y such that
E|Y, — Y| = 0. This Y is independent of the choice of the sequence of functions g,,. In fact, if another
sequence h,, in C(R) converges to f i.e.,

[e.e]

lim |hn(t) — f(O)|?dt =0 as n — oo.

Then limy, o0 [° |hn(t) — gn(t)|*dt converges to 0. Thus by Lemmawe obtain

JLHQOEQ /Oo ha(H)dX (£, ) — Y) 0.

Hence the stochastic integral [* gy (t)dX (t,-) converges uniquely to Y, in the sense of mean. Define
this random variable Y to be the stochastic integral, Y = [ f(¢)dX(t,-). O

If f(t) is the Hermite function v, (t), then the integral [*°_ 4/, (£)dX (¢, -) will exist, and is a random
variable. Give the notation

A, = /_OO Yn(t)dX (2, -). (42)

These A,, are independent. It is established in Theorem l by demonstrating that the CF of (A + flm)
is equal to the product of a CF of A, and the CF of A,,. In more general for f € L?(R), the CF of
f o f@) t,-) is computed in the following theorem.

Theorem 5. The CF of [~ f(t)dX (t,-) is

exp (—luf? [ ) Par)

where f(t) € L*(R).
In the proof we will use the continuity theorem which is stated below.

Theorem 6 (Continuity Theorem (cf. [Lukacs| (1975), p. 15)). The sequence {Fx,} of distribution
functions converges weakly to a distribution function Fx if and only if, the corresponding sequence of
CF {fn(t)} converges for every t to a function f(t) which is continuous at t = 0. This function f(t) is
then the CF of the limiting distribution Fx.

11
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Proof of Theorem[3] As we know C.(R) is dense in L?(RR), there exist a sequence of functions {gy}
in C.(R) for f € L*(R) such that ||gy — f|l2 — 0. Further it is known that the stochastic integrals
f grdX (t, - and f f(t)dX (t,w) exist in mean by Theorem @ Denote these random variables
as Yy = f t)dX (t ( Jand Y := [ f(t)dX(t,-). Since g, has compact support the CF of
Y, = exp( - c\u| 2o !gn |2dt)[cf. Pattanayak & Sahoo| (2005)]. As f € L%(R), it is true that
Ifll2 < R,|lgll2 <R for some constant & and

/ T g — 1£(0)P]d < 4R / T lgult) — SO,

which implies
o0 o

/ |gn(t)|?dt approaches / If(t)?dt as n — oo.

—0o0 —0o0
This further implies

oo oo
exp(—c|u2/ |gk(t)\2dt) approaches exp(—c|u|2/ |f(t)|2dt), as k — oo.
—00

—0o0

LHS is the CF of Y;,, which converges to the continuous function on the RHS. By Continuity Theorem(6),
RHS is the CF of the limiting function of Y}, which is Y. This proves that the CF of [*_ f(¢)dX (t,) is

exp ( — c|u|2 /OO |f(t)|2dt).

—00
O

Theorem 7. The random variables A,, = 75 n(t)dX (¢, -) associated with X (t, -) are independent if
X(t,-), t € R is a symmetric stable process of index 2.

Proof. By Theorem | the CF of A,, is exp ( — c|u|? I [ (t)|?dt). Hence, the CF of (A, + A)is
exp (= clul?® [* [n(t) + Y (t|*dt), whereas the product of CF of A,, and the CF of A,, is exp (-
clul® [Z5 [Wn () Pdt) exp (—clul? [Z2 [¢m(t)[Pdt) = exp (—clul® [ (| (t)[*+[tm(t)[?)dt) which

are equal. Hence, A,, are independent random variables. O

Consider the random Hermite series
OO ~
> anAntn(t), (43)
n=0

where 1), are normalized Hermite—Gaussian fqnctions, the scalars a,, are the FH coefficients of a function
fin L*(R) defined as [ f(t)1,(t)dt and A,, are random variables defined as in .
The inequality in the following lemma is needed to prove the convergence of the RFH series (#3)).

Lemma 2. Let f be any function in L>(R) and X (t,-), t € R be a symmetric stable process of index 2,

then
I < 4/00 |f(t)|2dt+2/ 1—eXp(—c|u|2ffooo|f(t)\2dt)d
’ T ) T Jluj>1 u? ‘

E<| /OO FOdX (¢

To prove it, we require the following two results.

Lemma 3 (cf. Shiryayev, (1984), p. 341). A stable random variable X (t,-) always satisfies the inequal-
ity E|X|" < ocoforallr € (0,7), 0 <~y <2

12
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Lemma 4 (cf. Chow & Teicher (2005), p. 285). If ¢ is the CF of a random variable X, then E|X| =
[1X|dFx = 2 = Mdu where Fx is the distribution function of X.

Proof of Lemma(2] We know that [*_ f(¢)dX (t,) exists in the sense of mean (Theorem @) Now using
Lemma 3]and ] we have

2 1 — Re)(u) 2 1 — Ret)(u)
= /|u<1 ———Zdu+ /|u>1 ———2du.

u? u?
Here,

/ 1 Rev(w) /1 L—exp (- clu [T 1f(O)PdE)
Jul<1

u? 1 u?

Ulu? S 1@ a
< 2 du (1 — e® < zforz > 0)
u

- / uf?~2du / £(0) Pt

= /Oolf( b2t

Hence,

00 ) — ex _Cu2 e8] 2d
E(‘/_ f(t)dX(t,-)D_i/_ \f(t)’2dt+72r/l>11 p( |b|l2f_oo|f(t)| 0,

The following theorem establishes the convergence of the series (43)) in the sense of mean, if @,, are
the FH coefficients of f € L?(R). Let,

A
\

O]

= apApi(t)
k=0
be the n'* partial sum of the Fourier-Hermite series . Now
Salt,) = D anAxi(t)

k=0

- Y ( | wnsaxc ->> Ge(t)
k=0 -

= [ (X auneuin)axe.)

T k=0

Since v, (t) are bounded by i [cf. |Szego| (1939); Indritz| (1961)], > 72 ; artr(s)yk (t) exists. Denote
itas f(s,t). Let sp(s,t) == > 1o artbr(s)r(t) be its partial sum.

Theorem 8. If X (s,-), s € R is a symmetric stable process of index 2, then the series (43| (.) with random
coefficients A,, defined as in , converges in the mean to the stochastic integral f f(s,t)dX (s,-)

if Gy, are the FH coefficients of a function f € L*(R).

13
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o0
Proof. For every f € L%(R), the FH series expansion of fis Y. @,¥n(t) [cf. |Askey & Wainger
n=—oo
n
(1965)]. Let its partial sum be sy, (t) := Y aryx(t). Now the integral form of Sy, (t, -) is

k=0

Sn(t,:) = /00 sn(s,t)dX (s, ).

—0o0

According to Theorem {4l [*  f(s,t)dX (s,-) exists in the sense of convergence in mean. Now by

applying Lemma 2}
E( /_OO f(s,t)dX (s,-) — Su(t, )D

- E( /_Zf(s,t)dX(s,-)—/_an(s,t)dX(s,')D

- E(/_ (f(s,t) — sn(s,t)dX (t,-))

< 2[00 — salso)ds
~exp (— clul? [ (5.2
N 72r/ 1 ep( c|ul f_ooigf(s,t) sn(s,t)] ds)du.
Ju|>1

Since the integral [ [f(s,t)—sn(s,t)[*ds tends to 0 as n — oo and the integrand in the second integral
is dominated by the integrable function 1712 the theorem is proved by applying for p = 2. O

Let the sum function [ f(s,¢)dX(s,-) of the series be denoted as F'(¢,-). The series
is the random Fourier—Hermite series(RFHS), associated with the symmetric stable process, X (t, ) of
index 2.

Theorem 9. Ler X (s,-) be the symmetric stable process of index 2 and Ay, be its FH coefficients. For
f € L3(R), if ay, are its FH coefficients, and F is the FT operator; then the series

oo
D apAp et (t), (44)
k=0

converges in the mean to the stochastic integral

| Frsmaxe.) 45)

ikm

where A\, = e~ 2, k € Ny are the eigen values of the FT F (¢, (t)).

Proof. Let
Sult,) =Y arApApte(t)
k=0

be the n'" partial sum of the series . Denote the partial sum of the series >~ ar\p¥k(t) as
F(sn(t)) := D p_o axApy(t) which is the FT of s,,(¢) and let

F(sn(s,t)) = de)\kwk(s)l/fk(t)-
k=0

14
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In integral form,

Salt,) = D eArvi(t)
k=0

= de)\k(/oo ¢k(5)dX(5”)> Vi (t)
k=0 -
— [ Flouls )X (s.0).

Since the integral [ ‘]:(f(s, t)) — F(sn(s, t))}2ds converges to 0 for f € L%(R), it can be shown

that £ ‘ffooo Flf(s,)]dX (s,-) — Sn(t, )‘ converges to 0 as n — oo using the same argument

as in the previous theorem. Hence, it is proved that the random series converges in mean to
Joo FLf(s,0)]dX (s, ). O

Define the series as the RFHT of the function f € L?(R) associated with the symmetric stable
process, X (t, -), of index 2.
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