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ABSTRACT

In this paper, a ratio-cum-product estimator of the mean of a finite population is proposed
using a number of auxiliary variables, some of which are positive and some negatively
correlated with the study variable. Expressions for the bias and the mean squared error (MSE)
of the estimator are obtained, and the conditions determining the sign of the bias are derived,
as well as those under which the estimator is more efficient than the sample mean. A simple
random sample drawn from a finite multivariate population is used to illustrate the
determination of the optimum weights and the gain in efficiency obtained over the situations
where only positively correlated auxiliary variables or only negatively correlated variables
are used in the estimator.

1. Introduction

In sample surveys, it is usual to make use of auxiliary information to increase the precision of
estimators. The classical ratio estimator is widely used when the correlation between the character
under study, Y, and the auxiliary character, X, is positive. If this correlation is negative, a product
estimator may be used instead of a ratio estimator. In large-scale sample surveys, data are often
collected on more than one auxiliary character; some characters may be positively and others
negatively correlated with Y. Olkin (1958) considered an estimator that utilizes information on
several auxiliary characters that are positively correlated with the character under study. He used a
linear combination of ratio estimators based on each auxiliary character separately. The linear
combination coefficients were determined to minimize the estimator's variance. Since then, several
other estimators have been considering using the information on more than one auxiliary character.
Srivastava (1965) generalized Olkin's multivariate ratio estimator to the case when some of the
auxiliary characters are positively and others negatively correlated with the character under study. The
same results were obtained by Rao and Mudholkar (1965). Later, Raj (1965), Shukla (1966), Singh
(1967b), Srivastava (1967) and John (1969) considered some other estimators which were linear
combinations of several estimators based on each auxiliary character separately. Bahl and Tuteja
(1991) suggested alternative multivariate product estimators which were geometric and harmonic
means of product estimators based on individual auxiliary characters, to reduce the bias or mean
squared errors. Building on the ideas of Olkin, Rao and Mudholkar, we suggest in this paper an
alternative multivariate ratio-cum-product estimator which is a linear combination of estimators based
on individual auxiliary variables. In the case of the negatively correlated auxiliary variables, we have
used harmonic means instead of the arithmetic mean for both sample and population. It may be noted
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that when X is negatively correlated with Y, the classical ratio estimator of the population mean of Y
using 1/X as an auxiliary variable (having a positive correlation with Y) equals the classical product
estimator of the population mean of Y using the sample and population harmonic means of X instead
of the arithmetic means.

2. Prevailing product and Ratio-cum-Product Estimators

In this section, we list some popular product and ratio-cum-product estimators making use of at least
one auxiliary variable negatively correlated with the study variable, along with their biases and mean
squared errors.

2.1 Estimators using a Single Auxiliary Variable

Estimators using a single auxiliary variable and with their biases and MSEs to the first degree of
approximation, i.e., to the order n (o)~%, are listed below, where the symbols have the usual
meanings.

1. Conventional product estimator due to Murthy
Y=V 2.1.1)
2. Other product and product type estimators
i) exponential product estimator due to Bahl and Tuteja
Vpe =Y €xp [g (21.2)
i) predictive product estimator due to Srivastava (1983)

—, _ny , (N-n)?xy

P N ' NWNE-n%) (2.13)

iii) predictive product estimator due to Agarwal and Jain (1989) with a harmonic mean of
=%
Y =¥% (2.1.4)

Let 6 = % and let C,, C; denote the coefficients of variation of the variables Y, X, and p the
correlation coefficient between Y and X.

The variance of the ordinary sample mean, and the biases and MSEs of the estimators given at (2.1.1),
(2.1.2), (2.1.3), and (2.1.4) are as follows:

) The variance of the sample mean
V() = 0Y2CE (2.1.5)
i) For the classical product estimator
B (7,) = 0Y (pC,C1) (2.1.6)
M (3,) =0Y2(C§+CE+2pC, Cp) (2.1.7)

iii) For the exponential product estimator due to Bahl and Tuteja

182



Multivariate Weighted Ratio...

B(T,e) =07 (p 22 - 2) 2.1.8)

M(7,,) =072 (CO +2CF + pCoCy) (2.1.9)
iv) For the predictive product estimator due to Srivastava

By,) =6 7(pC0C1+ﬁ C?) (2.1.10)

M(7,) = 0Y2(CE+C2+2pCyCy) (2.1.11)
V) For the predictive product estimator due to Agarwal and Jain

B(¥y) =0Y(pCyCy+CE) (2.1.12)

M3y )= 0Y2(CE+CE+2pCoCy) (2.1.13)

2.2 Estimators using Two Auxiliary Variables

To estimate the unknown Y, Singh (1965, 1967a) introduced the following estimators:

) = (yXxllXx;) 2.2.1)
b = (F) Kk (22.2)
Q) Frp = (%) (2.2.3)

Vi) The bias and mean squared error of each of Singh’s product type estimators are
B(J_’p*) = 0Y (po1CoC14p02CoC2+p12C1Cy) (2.2.4)
M(yp*):HYZ (CE+ C? + C2 + 2pg1CoCy + 2pg2CoCy + 2p12C1C,) (2.2.5)

vii) The bias and mean squared error of each of Singh’s ratio type estimators are
B (7)) = 0Y(C} + C3 + po1CoCy + Po2CoCa + p12C1Cr) (2.2.6)
M (5;7)=6Y? (Co + Cf + C3 — 2pg1CoCy — 2p02CoCo + 2p12C1C)  (2.2.7)

viii)  The bias and mean squared error of Singh’s ratio-cum-product estimators are
B(¥ip) = 0Y(CE = pg1CoCy — p12C1Co + po2CoCy) (2.2.8)
M(5p) = 0Y2(C§ + CF + C5 = 2po1CoCy — 2p12C1C; + 2p2CoC) (2.2.9)

where C;, i = 0,1, 2, denote the coefficients of variation of the variables Y, X;, X, respectively,

. . .. . . N—
pi; is the correlation coefficient between the corresponding variables, and 6 = N—nn

lY lX
Cg_ ZN (yi—¥)? 2 ZN (xy 1)’ 2

)

—ZN M
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3. Proposed Estimator and its Properties

Consider a population of size N consisting of the variables (y; x4, X, ... ..., X;) Where y is positively
correlated with (x4, X, ... ..., X§) and negatively correlated With (X 41, Xk 42, v eoe o) X))+
Let (y;, X140 «eeor X)) (I =1,..,7n) be a sample of size n drawn through simple random sampling

without replacement (SRSWOR) from this population. Let X; and X;, respectively, be the population
arithmetic and harmonic means of the auxiliary variables, which are assumed to be known. Let ¥
and X;’s (i =1,...,m) be the sample means of the study variable Y and the auxiliary variables
X;’s, respectively.

In the above situation Rao and Mudholkar (1965) suggested an estimator of Y as:
EN )? _ _i _
V=W + Bl WiT Y (3.0.1)

Using the idea pioneered by Olkin (1958), followed by Rao and Mudholkar (1965), Singh (1967b),
Tuteja and Bahl (1991), and motivated by the works of Agarwal and Jain (1989), Malik and Singh
(2012) and recently by Panda and Sen (2018), we propose an estimator for the population mean Y
defined as:

=% Xi — ~i —
Forrp = 2t Wi %Y + Xk Wi %y (3.0.2)

Wle
_y [Zk % + Zl k+1 ~i ]
= Yar + yhp (say), (3.0.3)

where w = (Wq, Wy, ... ... , W), Y w;=1, is a weighting function and X;>0 and are known. ¥,
equals the sum of the first k terms of equation (3.0.2) and is analogous to the multivariate ratio
estimator proposed by Olkin (1958); it is based on the x's that are positively correlated with y. Vhp
equals the sum of the last m terms in equation (3.0.2) and corresponds to the x's that are negatively
correlated with y. “y,,, may be called a multivariate product type estimator.

3.1 Properties of the Proposed Estimator When m=2 and k=1

Now to proceed with our investigation we initially consider the case when k = 1 and m = 2, so that
(3.2) takes the form

Ywrp=Y [Wl (351) +w; (Xz) ] (3.1.1)
where X; is the arithmetic mean per unit of x; and X, is the harmonic mean per unit of x,,
x X — Sty n =~ N
X =2, _Z?’ﬂﬁ’y:_Lll»xz: T X2 = oy
n n i=1x_2i 2i=1x_2i

wy+w, =1 and x;>0

To obtain the asymptotic properties of the estimators, we define
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y-Y _ XXy X2—X3

€= v ,€1= X )y C27 X, i
X2 —)?2 _ Xz'_}?z
€y = ‘_2 ,i=1,..,n, 0y )‘?2 ,i=1,..,N
1 on _ 1 ¢n TN\ _ X=X
Then o Li=1€2i = _n)?z iz (2 — X3) = .~ €2

1 N v\ —
5 I 05 = 7= ZIL (K = Xp) = 0
= Zl 10 2= — 22 Li(X — X5)2 == 2 Where a2 is the variance of X,

1 —
= Zl 1600 =—=5 2" (o — X,)?=272, say
nX,

2
Since E(xy; — X,)? =02, E(z%) = n;ZZ = %
2 2

Next, we use the above error terms to derive the bias and the mean squared error of the estimators,
noting that the following holds:

Y 1 —
E(eo) =0, E(e?) =025 =0C3, 2 = =3I (¥, — V)?

andforr > 1
E(e;) =0,E(ef) = =0C?, E (egey) = 0=+ Sor =0po,CoCy, Where
1 = 1 — —
SE = N—1 év=1(Xri - r)za SOr = N-1 Iivzl(Yi - Y)(Xri - Xr),

s2
Cé = °2,C2— St for r>1,
Y 1‘

s . -
Por = LST = correlation coefficient between Y and X,.,
0°r
N—-n

S . .
prs (1,s = 1,1+ 5)= ﬁ = correlation coefficient between X, and X, and 8 = ~

T8 n

. n . . . .
Assuming |ﬂ e;|< 1 and using Taylor series expansion, one gets the bias and mean squared error

up to the first-degree approximation of O(n)~?! for the estimators discussed in the previous section. It
is further assumed that the sample is large enough to make |e;| (i=0, 1, 2) and |€,;| and |05;| so small
that the terms involving squares and higher powers of e; (i=0, 1, 2), d,; and €,; are negligible.
Substituting the expression for y, Xx; and X, interms of e; (i=0, 1, 2) and €,;’s, (3.1.1) becomes

i1 (1405))
ywrp = Y(l + 80) [Wl(l + 61) -1 + Wy — N (W) ] (312)

Zi=1(1+62i) _ Y02, 2V 85 Yy  Ylen? »
<Z?=1(1+62i)_1 =@ N + N DI¢! - + ~ )

21521 Zivaziz_“_ _Z?fzi 2111621‘2_“. -1
=(1- 5 )(1— 22y )

n

= (1+C2—---)(1—e2+z§—---)—1
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=(1+C5—-)(1+e,—z%+e2..)
=1+e,—z5+e2+C5+...
So,
Yorp =Y (1 + e){w1(1 — ey +ef) + w(1 4+ e, — 25 + €5 + C5)}

=Y{w,(1—e; +e?+ey—epe;) +wy(1+e,—2z5+es+C2+ey+epey)l
=Y{w; + w, + (Wwy + wy)ey — wie; + wae, + wie? + wye? —wiege

+ wyege, — wyzi + w,C2}
=Y(1+e — W16’1 + wye, — wiege; + wyepe, + wiettwyel —wyzs +

The bias of the proposed estimator, up to the first degree of approximation, is
B(J_’J/rp):E(y\:/p - 7)
= YE(ey — wie, + wyey, — wiege; + whege, + wiel + wye? — wyzs +

w,C3)
= Y (—w1p01CoC1 + W2po2CoCy + WiCE +wpC5 — wyC5 + wyC3)

(sE@) =Z=HZ =cp)

Xz~

= 0Y (=w1P01CoC1 + W2P02CoCa + Wi CF + W, CF)

= 0Y (—wypo1lCoCy — Walpo2|CoCo + Wi CE + W, CF)

= 97{_ 272'=1Wr|p0r|C0Cr + 272'=1 Wrcz} (3-1-4)

And the MSE of the estimator is obtained as
=% =% AY
M(ywrp) = E(ywrp - Y)
=E{(1+ ey — wie; + wye, — wiepe; + wyepe, + wie? + wye? —
w,oz2 + w,C2 — 1)Y}?

= Y2E(e2 + w2e? + wie? — 2wyepe; + 2wyepe, — 2wywyeqey)

= HYZ(CO + W1 Cl + WZ Cz 2W1p01COC1 + 2W2p02COC2 -
2wiw;yp1,C1C3) (3.1.9)

= 0Y2(C5 +wiCP + (1 —wy)?CF — 2w1p01CoCy + 2(1 — wy)pg2CoCo —
2w1(1 = wy)p;2C1Cr)

E BYZ(CO + W1 Cl + (1 - 2W1 + WI)CZ 2W1p01CoC1 + 2(1 -
W1)Po2C0Cz — 2wi (1 — wy)p12C1Cr) (3.1.6)

3.1.1 Choice of Optimum Weights When m=2

Differentiating (3.1.6) with respect to w;, and setting the first derivative equal to zero, we obtain the
optimum values of wy, w, as follows:

186



Multivariate Weighted Ratio...

OMSE (Ywrp)
an

© 2w CF —2CF + 2w1C§ — 2p01CoCy — 2pg2CoCr — 21261 Co + 4w p15C,C; = 0
© w1 Cf — CF +wiCF = po1CoCy — po2CoCs — P12C1Co + 2w1p1,C1C, =0
& wi(Cf + CF +2p12C1C3) = p1CoCy + po2CoCa + 2p1,C1Cy + 2C5

CoC1+P02CoCatp12C1Ca+CE
Po1Co 12Poz2 0C24P12G16+C 4 — Waopt (3.1.7)
Cl +C2 +2p12C1C2

=0

< Wiopt =

3.2 Properties of the Proposed Estimator When m=4 and k=2

In this section, we study the properties of (3.2) with 4 auxiliary variables where two of the auxiliary
variables x, and x, are positively correlated with the study variable and the other two auxiliary
variables x5 and x, are negatively correlated with it. Under this situation, (3.2) reduces to the form
below:

. X %

ywrp = Zizzl Wi xT:y + 2?:3 w; XTLL_y (3-2-1)
or,

T <1 Xz % az}

Ywrp =Y (Wl ) +w; % + w3 Fa +w, 3 (3.2.2)
where Zl 1 w; =1, and where Xx; and X, are respectively the arithmetic means per unit of x; and x5,

and X5 and X, are respectively the harmonic means per unit of x5 and x,.

Now expressing (3.2.2) in terms of e;'s we obtain

Yorp = Y(1 + &) [{W1(1 +e) Tt +w(1+e) M+ {W3 %( (1t a3i):1> }

n (TN (1+0,)7"
+ W4_ n 1
NAYL (1 + €4)
=Y +e)wi(1—e +ed)+w,(1—ey;+es)+wz(1+e;—2z2+e2+
)+W4(1+e4_Z4 +e4, +C )}

1 _ 2
where, for r=3and 4, z? = = YO — X)2=22, E(22)= nfrz =2
nir

Xr
— 2 2
=Y+ ep){wy — eqwy + wieZ + w, — e;w, + whe? + wy + wies — wizZ +
wie? + W3C§ + Wy + wWae, — wazi + weei + w,C2}
N-1

since, forr=3and 4, E(z2) = -5 = (— ~ );:CE

Which reduces simplification to
ywrp Y(l + € — Zrz'zl trwy + Z¢=3 STWT) (3-2-3)

where t,. = (e, + ege, — e2) forr = 1,2
and s, = (e, + epe, + e2) + C? — z? forr = 3,4
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3.2.1 Bias and MSE

The bias of the proposed estimator, up to the first degree of approximation, is

B()_’vT/rp) = E(y\:/p - Y)E YE(eO - 212*=1 tLwy + 2;1:3 SrWr)
ZY{E(_ 272:1 tLwy + 23:3 SrWr)}
=Y{-Xio1wrE(ege, — ) + XiswrE(ege, + ef + CF — z7)
:7{_ 272:1 WrE(eOer - er) + Z =3 WrE(eOer + er)
(since E (z2) = C?)
=Y {-w, X7_1 E(eoer) + w, X3 E(eoe,) + wr Xioi E(ef)}
:97{_ 272*=1 Wy PorCoCr + Zi:B Wy PorCoCr + Z;‘f 1w CF}

=97{ 212" 1Wr|p0r|CO ;‘5 3Wr|p0r|COC + Zr 1WirC }
_QY{ Zr 1 Wrlpor| CoCr + Zr 1WrCZ} (3.2.4)
B(yWTP) >=<0 < Zr IWTCZ >=< Zr 1Wr|p0r|COCr (3-2-5)

MSE(ywrp)= Y2 E(ey — Zr:l trw, + Zr=3 SrWr)

- 2
= YZE(eO - 272:1 LWy + 2;4::3 SrWr)
= YZE{eO - (81 + eoel - ef)Wl - (62 + 6062 - eZZ)WZ + (63 + 6063 +
e2 + C2 — z2)ws + (eq + eges + €2 + C2 — zH)w,)?

Using the fact that | p,s| = pys for (r <2 and s<2) or (r >3 and s>3)
and |p,s| = — pys for (r <2 and s>3),

and that E (z2) = C? for r=3 and 4, this simplifies to

MSE( rp) BYZ(CO +Zr 1W1?CZ 227’ 1Wr|p0r|COCr +22$,S=1WTWS|pTS|CTCS)

r<s
= HYZ(COZ + Zi:l Wr2C7? + Z$,5=1 WrWslprslchs -2 21%:1 Wr|p0r|C0Cr)
T+S
- HYZ(CO + Zr 1 WTWslprslch -2 Zr 1Wr|p0r|COCr)
= 0Y?(CZ¢ + w'dw — 2¢5w) (3.2.6)

where w=(wy, w,, w3, w,) is the weight vector,
brs = lpysICrCs for 1,5 =10,1,2,3,4, ®=((¢rs)), 1 < 1,5 < 4
and ¢o=(Po1, ---» Poa)

3.3 Properties of the Proposed Estimator in the General Case with k >1 +vely Correlated
and (m-k) >1 -vely Correlated Auxiliary Variables

Clearly, in place of (3.2.3), the estimator in this case may be written
yvtrp = 7(1 + €y — Z’rle trWr + Z;'nzk+1 STWT)

where t, = (e, + epe, —e2) forr =1,...,k
ands, = (e, + epe, + e2) + C2 —z2forr=k+1,..,m

and its bias, analogously to (3.2.4), as

B(Firp) = =07 {= T wy|por|CoCr + Xy W, C2) (3.3.1)
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B(Barp) > =<0 &I w,.C2>=< XM wlpor|CoCy (3.3.2)
MSE()_’VT/rp) = HYZ (Cg + Z;n=1 WrWslprSICrCs -2 Z;n=1 WrIPOrICOCr)
=0Y%(CE + wdw — 2¢iw) (3.3.3)

where w=(wy, ..., Wx Wi41, ..., Wy ) is the weight vector,
brs = lpys|CrCs for 1,5 =0,1, .,k k+1,.m, ®=((¢5), 1 <7,s <m
and ¢o=(do1, --» Pom)

3.3.1 Efficiency Compared to the Sample Mean

It is known that the univariate ratio estimator of ¥ based on the auxiliary variable X; having positive

correlation with Y is more efficient than the sample mean if and only if

1C
p>-=
2 Co

which may also be written

Co_ 1
—=>=
Ipl 2

(a) From (2.1.5) and (2.1.7), the univariate product estimator of ¥ based on the auxiliary variable X;
having negative correlation with Y is more efficient than the sample mean if and only if

OY2(CE+C2+2pC,C,) < OY?C?
& C2+42pCyCi< 0
1¢,

<:>p<-EC_0

which may also be written

Co_ 1
Ipl C—: >3
(b) Likewise, we conclude, from (2.1.5) and (3.3.3), that the MSE of the multivariate ratio-cum-

product estimator ¥y, of Y is more efficient than the sample mean if and only if
OY2(CE + W' psw — 2¢5w) < OY2(CE
S whpaw —2¢ew <0

o v 1 (3.3.4)

wrow 2

where w=(Wy, ..., Wx Wy11, ..., Wy ) i the weight vector,

brs = lprslCCs for 1,5 =0,1, ..., k,k+1,..m, ®=((¢rs), 1 <7,5 <m
and ¢o=(Po1, ---» Pom)-
3.3.2 Efficiency Compared to the Classical Product Estimator
Considering the MSEs at (2.1.7) and (3.1.5), the proposed estimator will be more efficient if and only
if

MSE (¥rp) < MSE ()

& 0Y?(C5 +wiCP + w3 C5F — 2w 01 CoCr + 2W2p02CoCr — 2W w5 p1,C1Cr) <

OY2(C¢ + CZ + 2py,CoC,)
(using the subscript 2 for the auxiliary variable negatively correlated with Y and 1 for the positively
correlated auxiliary variable)
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Substituting the optimum values of w; and w, and simplifying, we get

2
(P01CoC1+Po2CoC2+p12C1C2+CF) >0
C12+C22+2p12C1C2 -

(=4 C12 + CZZ + 2p12C162 >0
& (€ — €)% + 2(1 + p13)C1C, = 0, which is always true since p;, = —1.

3.3.3 Efficiency Compared to the Product Estimators of Srivastava and Agarwal & Jain

The above derivation also shows that the proposed estimator is more efficient than the product
estimators (2.1.3) and (2.1.4) due respectively to Srivastava and Agarwal & Jain using a single
auxiliary variable negatively correlated with Y, as the MSEs in (2.1.11) and (2.1.13) also have the
form

M(¥) = 072(C3 + CF + 2p02CoCy)

3.3.4 Efficiency Compared to the Ratio-cum-Product Estimator due to Singh
Considering the MSEs of the bivariate ratio-cum-product estimator at (2.2.9) and (3.1.5), we see that
the proposed estimator ¥, is more efficient if and only if

OY?(C§ +wiC} + w3 C3 — 2wy p1CoCy + 2wpP02CoCa — 2w W5p15C1Cy) <
0Y2(C§ + C + C3 — 2pg1CoCy — 2p12C1C + 2pg2CoC)

& WiC + wiCF — 2wipg1CoCy + 2W,p02CoCo — 2w W p1,C1Co) < (CF + €5 —
2001CoC1 — 2p12C1Co + 2P Gy Cr)

Replacing w; and w, with their respective optimum values, we obtain the condition under
which ¥;,,., is more efficient than the estimator (2.2.3) as
(P01CoC1 + Po2CoCr)? + CE (1 + C3) + C3 (1 + 2pg2CoCr) > 2Cpo1CoCy + 3p7,CFCS (3.3.5)
3.4 Choice of Optimum Weights When m =4 and k =2
To minimize MSE (¥, ) subject to Y#_; w,=1 we differentiate

M (w1, Wy, ws, Wy, 1) = MSE (Frp) — 2A(Z 121 Wr-1) W.r.t. wy, wy, wa, wy, A

where 24 is a Lagrangian multiplier.
Differentiating w.r.t. w,. and setting the derivative to zero, we get
ZCEWr'leOrlcocr + 2 s s2r Wslprs| G Cs — 24 =0

Hence MSE (¥, is minimum/maximum

= CEWr + Zs,s;tr Wslprslcrcs —A= |p0r|COCrf r=1,..,4,and Z;‘f:l w,=1
(3.4.1)
that is, when wy, w,, ws, wy, A satisfy the equations
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C12 |p121C1C;  1p13lC1Cs |p14lC1Cy -1 W1 |po11CoCy
|p121C1 C; sz |p231C2C5 | p24lC2Cy -1 W |p021CoCo
|p13|C1C5  |p23]CoCs C3 |p34|C3C,4 -1 ws | = ||po3lCoCs
|p14|C1Cs  1p241C2C4 | p34lC5Cy Ci -1 Wy |p04|CoCa

1 1 1 1 0 | LA 1 ]

4. Numerical Study
To illustrate the efficiency of the suggested estimator, an SRSWOR sample of 20 regions was drawn
without replacement from 88 regions of India. For this sample, the following data are available from
NSS 68" round (2011-12) consumer expenditure survey, Schedule Type 2 (authors’ estimated
regional averages, derived according to NSS procedures). Summary statistics of the data are given in
Table 1.

y: per household non-food expenditure in 30 days

X1: per household expenditure on miscellaneous goods and services in 30 days

X,: per household expenditure on consumer services other than conveyance in 30 days
Xs: percentage share of vegetables in consumer expenditure in 30 days

X4: percentage share of food in consumer expenditure in 30 days

Of these, y, x; and X, are positively and x; and x, negatively associated with overall standard of living
of a region. The estimator proposed in this paper was used to estimate the average value of Y over all

88 regions using auxiliary information on Xy, X,, Xz and X,.

The matrix ® = ((gbrs)), for 1 <r,s <4, isgiven in Table 1, and the ¢b; vector in Table 2.

Table 1
0.18948 0.13259 0.11812 0.03086
0.13259 0.12758 0.09361 0.02211
0.11812 0.09361 0.11862 0.02789
0.03086 0.02211 0.02789 0.01912
Table 2
0.1119
0.0905 0.0787 0.02510

Optimum choice of weights: w;=0.27566, w,=0.32020, w3;=0.03788, w,=0.36625

With the optimum weight vector, the MSE of the estimator is estimated as
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OY2(CE + w'dw — 2¢jw)
= 0Y? (0.07898+ 0.070576 —2*(0.072004))
= 6Y? (0.005548)
(a) Comparison of the Proposed Estimator with the Sample Mean
The proposed estimator (J_/erp) will be more efficient than the sample mean under the condition
MSE (Frp )< OV 2CZ

= OY?2(CZ +0.070576 - 0.144008) = Y ?(CZ - 0.073432) < OY2(CZ

MSE(yy,
M = 0.005548
0Y?2
and  2ED - 07598
oYy
The ratio ZX$W—W'oW) _ 4 95975

cs
Therefore, the gain in efficiency over the sample mean
= (2¢pgw — w'dw)/ CZ = 0.073432/0.07898, since C2= 0.07898
=93.0%
(b) Special Cases
(i) Comparison with estimator involving only positively correlated auxiliary variables:

The competing estimator here is a special case (ratio estimator) of our general estimator, with the
matrix ® = ((qbrs)), for 1<r, s<2 being

0.18948 0.13259

0.13259 0.12758

and the ¢ vector being

0.111924 0.09052

In this situation, the optimum weights obtained are w;=0.31630, w,=0.68370
With the optimum weight vector, the MSE of the estimator is estimated as
0Y2(CZ + w'dw — 2¢pjw) = 0.020330 Y2

Gain in efficiency compared to sample mean
= (2¢pew — w'dw)/ €2 = 0.058647/0.078979

= 74.3%

(b) Comparison with estimator involving only negatively correlated auxiliary variables:
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The competing estimator again is a special case (product estimator) of our general estimator, with the
matrix ® = ((¢,)), for 3 <r, s <4 being

0.11862 0.02789

0.02789 0.01912

and the ¢ vector being

0.078726 0.025102

In this situation, the optimum weights obtained are w3=0.54730, w,=0.45270
With the optimum weight vector, the MSE of the estimator is estimated as
Y2(C¢ + w'dw — 2¢5w) = 0.023351 Y 2

Gain in efficiency compared to the sample mean
= (2¢pgw — w'dw)/ C2 = 0.055628/0.078979, since CZ = 0.07898
=70.4%

Thus, in the situations we have considered, the composite ratio-product estimator we proposed
achieves a gain in efficiency of 93.0% over the sample mean. In comparison, the corresponding ratio
estimator based only on the positively correlated auxiliary variables achieves a gain in efficiency of
74.3%, while the corresponding product estimator based only on the negatively correlated auxiliary
variables achieves a gain in efficiency of 70.4%.

5. Concluding Remarks

Finding the exact expression for the proposed estimator in terms of the sample values of the study
variable and the auxiliary variables would require the substitution of the optimum values of the weight
vector in the proposed estimation formula. Since the expressions for the optimum weights are
themselves complicated, we have not attempted this, though in the case of two auxiliary variables
only, we explicitly derived the elements of the optimum weight vector. However, we have
demonstrated how the weights are derived in any practical situation by working out their values and
the minimum value of the MSE of our estimator from an actual sample drawn from multivariate data.
The minimum MSEs using only the positively and only the negatively correlated auxiliary variables
have been derived and compared with this MSE to demonstrate the gain in efficiency when the
proposed estimator based on all the auxiliary variables is used. However, it is possible that a
weighted geometric mean of ratio and product estimators may perform better than a weighted
arithmetic mean under feasible conditions; further research is necessary to investigate this. The
possibilities of adapting the estimator under study to situations where the population is stratified prior
to sample selection may also be worth exploring.
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