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ABSTRACT
In this work we have considered the problem of estimation of the
location parameter of some distributions using extreme ranked set
sampling (ERSS) with known coefficient of variation. We have
discussed the general theory of estimation of the location parameter of a
location-scale family of distributions, when the scale parameter is
proportional to the location parameter using ERSS. Also we have
estimated the best linear unbiased estimator (BLUE) of the mean of the
normal distribution, logistic distribution and double exponential
distributions with known coefficient of variation d using ERSS for some
specific values of the sample size n.
1. Introduction
The ranked set sampling (RSS) can be applied in many areas such as forest,
agriculture, animal science, medicine etc. For details about these applications see,
Halls and Dell (1966) and Al-salen and Al-Sharafat (2001). Takahasi and
Wakimoto (1968) established rigorous statistical foundation on the theory of
RSS. Samawi et al. (1996) used extreme ranked set sampling (ERSS), when RSS
based on extremes for both even and odd sample sizes. In practice, ranking a

sample of moderate size and observing the i" ranked unit (ranking of middle
ordered units) is a difficult task but it is not difficult to identify maximum or
minimum units. Thus ERSS is a better transformation than RSS. In ERSS we can
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increase the set size with reduced ranking errors. The ERSS from a location scale
family of distribution is described below.
Consider the location scale family of distributions of the form

h(z;w,l)=%ho(z_7l//j,z//eR,ﬂ>0,ZGR, o)

where the form h; is known .Suppose we take n sets of observations from the
pdf of the form given in (1) and each set contain n observations. Then the ESSR
from the distribution of the form (1) is described below.

Case 1:When n iseven.

Suppose n=2m, where m is any positive integer. Let Z(l:n)r denote the first order

statistic from the r" sample of size n, r=1,2,...,m arising from (1). Also let
Z .y denote the N order statistic from the S" sample of size n, s=m+1,
mt2, ...,2m. Now Z(ln)l’z(ln)Z”Z(ln) Z( Z( Z(
ERSS arising from (1).

m* < (n:n)m+1? < (n:n)m+2 17 & (n:n)2m forms

Case 2: when n is odd:

Suppose n=2m+1, where m is any positive integer. Let Z(Ln)r denote the first

order statistic from the '™ sample r=1,2,...,m+1 arising from (1).Also let Z (s

denote n" order statistic from the s" sample , s=m+2,m+3,...,2m+1. Now
Zioon Lamz s Lammr L mymsz o+ Lmnmyamsa fOrms ERSS arising from (1).

Lesitha and Thomas (2013) discussed the estimation of parameters of a location-
scale family of distributions using ERSS.

The problem of estimating the location parameter of a distribution when scale
parameter is proportional to the location parameter are reported in the literature
see, Glesser and Healy (1976), Searls (1964), Khan (1968), Arnholt and Hebert
(1995), Kunte (2000), Guo and Pal (2003), Thomas and Sajeevkumar (2003),
Sajeevkumar and Thomas (2005) and  Sajeevkumar and Irshad (2013).
Estimation of the location parameter of a location-scale family of distributions
when the scale parameter is proportional to the location parameter using RSS are
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discussed by Irshad and Sajeevkumar (2011). Hence in this work our aim is to
study the problem of estimation of the location parameter of some distributions
with known coefficient of variation by ERSS.

2. Estimation of the Location Parameter of a Distribution When the Scale
Parameter is Proportional to the Location Parameter Using ERSS.

In this section, we consider the location-scale family of distributions which
depend on a location parameter v (>0) and a scale parameter A, such that

A =dy , where d is known with pdf given by

h(z;w’dl//)ziho(zd_—y/wj’w>o'd>O’Z€R’ (2)

2.1 Estimation of tahe Location Parameter ¥ When n is Even Using ERSS.

Suppose n=2m, where m is any positive integer. Let Z(Ln)r denote the first order

statistic from the r" sample of size n, r=1,2,...,m arising from (2). Also let

Z ,..)s denote the N" order statistic from the $" sample of size n, s=m+1,

m+2,...,2m .Now Z(]_‘n)l’ Z(l:n)Z""’ Z(l‘n) Z( Z( Z( 2m forms

m?* & (nzn)m+1 & (nzn)m+207 0 <(nzn)
ERSS arising from (2).Let Z = (Zy1, Zuopos-rs Zignms Zimpmets Ziammez s Zasmam)
be the vector of ERSS arising from 2. Define
W = Wi Wiz Wi Wimer Wemez - Winmzn ) 8 @ vector of
corresponding  observations in an ERSS arising from h(x,01). Let

Z: (7(rn)1’ 7/(1:n)2 1 y(l'n)m ’ 7(n::n)m+l’ 7(n::n)m+2 1 }/(n::n)Zm) be the vector of
means and C= D(V_V)=((,B-j:n)) be the dispersion matrix of W . Clearly

C= dlg (C(l:n)l’ C(l:n)2"" C(l:n)m’C(n:n)m+l’c(n:n)m+2 1 C(n:n)2m )' C(i:n)j = ﬂi,i:n , for
i=1,n;j=1,2,...,n. Then considering  as the location parameter of (2), a linear
unbiased estimator of y based on ESSR is given by (see Lam et al. (1994),
p.726)
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{m Z 1) N Z”: Z n)i }{Zm: 7(21;n)i N Z”: j/(zn:n)i:l
i1 i )i i

1 Comy icmat Crnendi .
~ =1 “xn)i  i=m+l M(nn)i : :
Y = i

soos [ s i s

= C(l:n)i i=m+1 C(n:n)i

P e

1 Cun)i imia Gy || =2 Cnyi i=met Cnini i1 C(rn)i n)
3
and
m .2 N2
27(1:n)| n Z Y ()i d 22
R i=1 C(ln)i i=m+1 C(n n)i
Var(y) =

Now we derive the BLUE of y involved in (2) using ERSS, when the sample
size n is even is given in the following theorem.

Theorem 2.1

Let Z = (Z(l:n)l’ Z(l:n)z 1y Z(tn)m , Z(n::n)m+l’ Z(n::n)m+2 1 Z(n::n)Zm) be the vector of
ERSS arising from (2). Define W = Wi, Wiz Weas o Woonsts Wz s Wiz )
as a vector of corresponding observations in an ERSS arising from h(x,O,l).Let
Z = (7(1‘n)1’ 7(1‘n)2 1 y(l:n)m ) 7(n:n)m+1' 7(n:n)m+2 ey y(n:n)Zm) be the vector of means
and C=DW)= ((ﬂij:n )) be the dispersion matrix of W. Clearly
C= dlg (C(l'n)l’ C(J_'n)z yerny C(J_'n)m ) C(n:n)m+l’ C(n:n)m+2" G (n:n): Zm) where C( n)j ﬂl in?
fori=1,n;j=1,2,...,n. Then BLUE of i , say l// is given by
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~ T Cen :
W=
I:dzi}/é_n), + i y(zr\:n)i]+2d|:i}/(ln)i i i 7/(n:n)i}+|:i 1 + i 1 :I

i C(]_.n)i i=m+1 C(n:n)i

®)
and
- d2 2
Var (v) — — .
dzz]/(l:n)i_l_z}/(n:n)i +2d 271n|+z nn)i Z _I_z
i=1 C(]_‘n)i i=m+1 C(n:n)i i=1 C(]_n i= m+1C (n:n)i i=1 Cln i= m+1C (m:n)i
(6)

Proof: Let Z = (Z(l'n)ll Z(l‘n)Z . Z(l'n)m , Z(n'n)m+l' Z(n:n)m+2 . Z(n:n)Zm) be the
vector of ERSS arising from (2). Define v _y,, W W W W W
as a vector of corresponding observations in an ERSS arising from h(x,0,1).Let
Z = (y(tn)li 7(].'n)2""’ y(l:n)m ) y(n:n)m+l’ y(n:n)m+2 yeeny y(n:n)Zm) be the vector of means
and C=DW)= ((,Bij:n )) be the dispersion matrix of W. Clearly
C= dlg (C(]_'n)l’ C(J_'n)2 1eees C(l:n)m ) C(n:n)m+1’ C(n:n)m+2 " n n) 2m) where C( n)j ﬁl iin
for i=14n;j=12,..,n

Clearly

E(Z)=yLl+dyy=(dy+1} ™
and

D(z)=Cd** (8)

where 1. is a column vector of n ones. Equations (7) and (8) together defines a
generalized Gauss-Markov set up and hence the BLUE  of i is obtained as,
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- (d Y +Z_l) c™ 7 o
T e ©
And

- d 2‘//2
Var(y) = (10)

[dy+1)c?(dy +1)

Now we have the following results based on extreme ranked set sample,

lIC_11:|:Zm: 1 4 Zn: 1 j| ’Z'Clzz{iy(m)i n Z 7(n:n)i:|’
) i n)i i )i

i=1 C(l:n)i i=m+1 C(n:n i

And

- LU NP n 2o
yC'Z = ZM+ > Zomi Ziom) | Now using the above results, (9)
B i=1 C(In)i i=m+1 C(n:n)i

and (10) reduces to

im) +Z”: V(n.nji}{zml 1 -+ Z 1]

and
2.2
Var (7) = v
d i + +2d (tn)i nnj +
l: Z1cln) |;+1C :l l:zc(ln |§lcnn :| lzglc(ln Iélcnn):l

Thus the theorem is proved.
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2.2 Estimation of the Location Parameter v when n is Odd Using ERSS
Suppose n=2m+1, where m is any positive integer. Let Z(Ln)r denote the first

order statistic from the r" sample of size n, r=1,2,...,m+1 arising from (2). Also

let Z,,,denote n" order statistic from the s" sample of size n, s=m+2,

nin)s

m+3,...2m+ LNow  Zigoy, Zinjoses Ly Zammsz v+ L(unjoma fOrms  ERSS

nn)
ariSing from (2) Z = (Z(]_'n)l1 Z(l:n)Z 1y Z(l:n)m+1’ Z(n:n)m+2 1y Z(n:n)2m+1 ) be the
vector of ERSS arising from (2. Define
V_V:(\N(:L'n)l’W(:L'n)Z""'W(l:n)m+1’W(n:n)m+2’W(n:n)m+3""'W(n:n)2m+l) as a vector of

corresponding observations in an ERSS from h(X,O,l).Let

V= (7/(1:n)1’7/(]_'n)2""l7(1:n)m+1’y(n:n)m+2’y(n:n)m+3""’7(n:n)2m+l)l be the vector of
means and C=DW)= ((,Bij:n)) be the dispersion matrix of W . Clearly
C= dlg( In 1’ (Ln)2: ""C(l:n)m+1’C(n:n)m+21C(n:n)m+3!""C(n:n)2m+l)1 where Cinyj = Biin
for

i=1n;j=12..,n

Then considering ¥ as the location parameter of (2), a linear unbiased estimator
of y based on ESSR is given by (see Lam et al. (1994), p.726)

N2
B L g
~ =1 C(]_n i=m+2 C (n:n)i =1 C(J_n) i=m+2 C(n'n)i
l// B m+1 1 n ]/ 2
o (Xn)i i J(En)i n 7 (nn)i
I:; C(]_n) i=m+2 C(n n)i :I{Zl |;2 C n)i :I |:Zl C(:Ln) i:;z C(n:n)i :|

n

|:Z (Tn)i n z (n n)i :||:Z )Z(l:n)i n Z y(n:n)iz(n:n)i:l

=1 c:(]_n) i=m+2 C(n n)i =1 C(Ln)i i=m+2 C(n:n)i

SorlEeerhiEe -]

i=1 C(1;n) i=m+2 C(n ni i :Ln i=m+2 C(n n)i =1 C(ln) i=m+2 C

(11)
and
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m+1 4,2
[iy(ln +Z (nzn)i ]d
)

i=1 C(ln) i= m+2 (nzn

7
mid q n 1 m+1 1n (nen)i +7/1n) : 7/(n::n)i

+ + T
{Z ) -;z‘% }{ Cien) Z } [Z >

i=1 C(l:n i nn)i || i=1 i=m+2 C (nzn)i =1 C(1n) i=m+2 C(n::n)i

(12)

Var(y) =

Now we derive the BLUE of  involved in (2) using ERSS, when the sample
size n is odd is given in the following theorem.

Theorem 2.2

Let Z :(Z(l.n)l,Z(l.n)z,...,Z(ln)m,Z(n.n)m+2,Z(n:n)m+3,...,Z(n:n)Zmﬂ) be the vector
of ERSS arising from (2). Define w - (W 1 Wz s Weammos Wosmmez W o W(m)m)'
as a vector of corresponding observations in an ERSS arising from h(Z,O,l). Let
b4 :(y(xn)l’y(]_n) ’y(ln)m+l’7/(n:n)m+2’y(n:n)m+3""’7(n:n)2m+1)l be the vector of
means and C=D(V_V)=((ﬁij:n)) be the dispersion matrix of W . Clearly
C =dig (Cinys Ctnyo s Campmers Clmmaz: Commaar=—=s Clnmjomn ) where

Cin)j = B, i fori=1,n;j=1,2,....2m+1.Then BLUE of ¥/ , say l,; is given by

d|:mz+17/lnlz(ln n z nn)i :| |:mz+lz(l:n)i n i Z( i

nn)
i=1 (]_n)| i=m+2 i=1 C(]_'n)i i=m+2 C(n-n)'

&_[ mz +Z":7<2nn }rzd{qu”WZ } rﬁ > }

i=1 C( ) i=m+2 C(n n 1n)| i=m+2 C =1 ( )| i=m+2 C(n n)|
(13)
and
~ d 2.2
Var (V/) - m+1 4,2 n 2 m+1 V/ m+1 1
dzzy(tn)i+z}/( n)i +2d z 1n|+z (n:n)i Z +Z
i=1 C(l:n)i i=m+2 C(n:n)i =1 (1 n)i - i=m+2 C (n:n)i i=1 ( n)i - i=m+2 C(n n)i

(14)
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Proof: Let Z_* = (Z(l:n)1’ Z(1:n)2 yeeny Z(l:n)m+1’ Z(n:n)m+2 ) Z(n:n)m+2 1 Z(n:n)2m+1 ) be the
vector of ERSS arising from (2). Define
V_V* = (W(J_'n)l’W(l:n)Z""7W(1:n)m+1’W(n:n)m+2’W(n:n)m+3""’W(n:n)2m+l) as a vector of

corresponding observations in an ERSS arising from h(X,O,l). Let

Z* = (y(l:n)li7/(1:n)2""ly(l'n)m+11y(n:n)m+2’7/(n:n)m+3""’y(n:n)2m+l) be the vector of
means and C" = D(Vj*):((ﬂij:n)) be the dispersion matrix of f Clearly

C'= dlg (C(J_'n)l’c(l'n)z""’C(J_'n)m'C(n:n)m+l’C(n:n)m+2""'C(n:n)2m)’ where C(i:n)j = ﬁi,i:n
for i=1n;j=212,..,n.

Clearly
E(Z*)=wl+dl//z* ~(d 4 1y (15)
and

D(z")=C"d%?, (16)

Where 1. is a column vector of n ones. Equations (15) and (16) together defines a
generalized Gauss-Markov set up and hence the BLUE y of i is obtained as,

_ (g
v @y +1)c oy +1) o
and
- dzl/jz
Var () = (dZ* +1)'c*‘1 (dz* +1) (18)

Now we have the following results based on extreme ranked set sample,
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m+1

n ' m+! 2 n 2
iC*llz{zz L3 C1 } 1y*C*1y*:[§f7@mi+ E:)Qmﬁ},
i=m+2 “(n:n)i - - i )i ni

i=1 C(J_'n)i nn)i

Z*'C*11:|:mzﬂm+ i Mj|1 :_L'C*’l;* =|:mz+l Z(J.'n)i " i Z(n:n)i:l

i=1 C(]_-n)i i=m+2 C(n:n)i

and

# ~alo s & 'niZ n)i . n'niZ nn)i
y'c'z {ZM) (1>+27(.> (.)}

i=1 C(J_'n)i i=m+2 C(n:n)i

Now using the above results, (16) and (17) reduces to

i=1 C(ln)| i=m+2 i=1 C(]_'ni i=m+2 G

TRk }Zd{zy 5 Hz 3 1]

it Cn)i  izme2 Cun)i it Cn)i izme2 Cun)i it Cun)i  i=m+2 Cun)i

and

~ dy?
Var(y) = 2 .4

(Tn)i . 72nn)| +2d|: :Ln|+ :I |: 21 1 . 1 :|
Zl:C(ln I;Z C(nn :| Izllc(ln)l I;Z C(nn)l Izllc(ln)l i:%;zc(n:n)i

Thus the theorem is proved.

3. Estimation of the Mean of the Normal Distribution with Known
Coefficient of Variation by Extreme Ranked Set Sampling

A continuous random variable Z is said to have normal distribution with
location parameter i and scale parameter dy , if its pdf is given by

1 (z—y)’
h(z;y,dy)= —=—expl— ¥ | ,cR,,y>0,d>0.
(zydw) dy~2z Xp{ 2d %y, 2 =TV
(19)

10
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We  will write N(l//,dl/l) to denote normal distribution defined in (19). The

mean and variance of this distribution are given by E(Z)Zl// and

Var(Z) = d?y?, where d is the known coefficient of variation.

We have evaluated the coefficient of Z(i:n)j,i =1n;j=212,.,n in the BLUE

v ofy defined in (5) and (13)(for even and odd values of n) and variance of

defined in (6) and (14) ( for even and odd cases of n), d=0.25, 0.50 and n=2(1)10
are given in Table 3.1.Also we have evaluated the relative efficiency

RE, =Var(¢/-/:)

Var (y)
related to 7 defined in (3) and (11) (for even and odd values of n)are given in
Table 3.1. From Table 3.1 it may be noted that in all the cases efficiency of our
estimator v is much better than that of i .

of  defined in (5) and (13) (for even and odd values of n)

4. Estimation of the Mean of the Logistic Distribution with Known
Coefficient of Variation by Extreme Ranked Set Sampling

A continuous random variable Z is said to have logistic distribution with
location parameter i and scale parameter di , if its pdf is given by

- exp{—fg(zd_wy/]}
ool 50

We  will write LD((//,dl//) to denote the logistic distribution defined in (20)

.The logistic distribution is a well-known and widely used statistical distribution
because of its historical importance and its simplicity as growth curve (see,
Erkelens (1968)). The mean and variance of this distribution given in (20) are

E(Z)=w and Var(Z) =d?y?, where d is the known coefficient of variation.

h(z;w,dy)= 2Ry >0,d>0. (o

We have evaluated the coefficient of Z;,i=1n;j=12,..,n in the BLUE

w of y defined in (5) and (13) (for even and odd values of n) and variance of

v defined in (6) and (14) (for even and odd cases of n), for d=0.15 and 0.20 and
11
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n=2(1)10 are given in Table 4.1. Also we have evaluated the relative efficiency
RE =Var(gz-/:)

Var ()
related to y defined in (2) and (for even and odd values of n) are given in Table
4.1.From Table 4.1 it may be noted that all the cases efficiency of our estimator
w is much better than that of 7 .

of v defined in (5) and (13) (for even and odd values of n)

5. Estimation of the Mean of the Double Exponential Distribution with
Known Coefficient of Variation by Extreme Ranked Set Sampling

A continuous random variable Z is said to have double exponential
distribution with location parameter ¥ and scale parameter dy, if its pdf is
given by

Z_W},ZER,(/I>0,d > 0.

h(Z;l/l,dl//)Zdl//L\/EeXp{—\/EW

(21)

We will write DE (y,dy ) to denote the double exponential distribution defined
in (21). The mean and variance of this distribution given in (21) are E(Z): 14

and Var(Z) =d%y?, where d is the known coefficient of variation. We have

evaluated the coefficient of Z,\;,i=1n; j=12,.,n inthe BLUE w of y

in)j?
defined in (5) and (13) (for even and odd values of n) and variance of v defined
in (6) and (14) (for even and odd cases of n), d=0.15,0.20 and n=2(1)10 are
given in Table 5.1. Also we have evaluated the relative efficiency
Var (y
RE, = rW)
Var(7)
related to 7 defined in (3) and (11) (for even and odd cases of n) are given in
Table 5.1.From table 5.1 it may be noted that all the cases efficiency of our

estimator v is much better than that of 17 .

of w defined in (5) and (13) (for even and odd values of n)

12
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6. Real Life Example

For the years 1956 to 1974, Robert (1979) has provided the one-hour average
sulphur dioxide concentration (in pphm) from Long Beach, California. From this
data we observe the data for the months of June and July and are respectively
(3,23, 13,6, 13, 10, 12, 7, 9, 10, 30,7,19,10, 12, 15,13,16,14) and (14,18,37,
8,14,8,10,4,16,18, 13,8,22, 13, 25,20,23, 25,9). Clearly for the two data sets the
coefficient of variations are respectively 0.47 and 0.49. Also using Shapiro-Wilk
normality test and using R programme the p values for the data sets are
respectively 0.10 and 0.28. Hence the above two data sets follows normal
distribution at 5% level of significant. Now clearly the coefficient variations for
the data sets of the months of June and July is approximately 0.5. Now by
knowing the coefficient of variation 0.5, consider the data set for the month of
September. The data set for the month of September is (33,13,32,17,13,
12,11,15,4,14,22,10,26,33,25,38,21,11,25). Clearly the coefficient of variation
for the month of September data is 0.47, and is approximately 0.5. Also by
Shapiro-wilk normality test, the p value of the data set for the month of
September is 0.27. Hence the data set for the month of September follows normal
distribution at 5% level of significant.

Now we take four sets of random samples of sizes four each from the data of the
month of September. The four data sets taken at random are (38,25,21,25),
(5,11,13,13),(33,10,22,14) and (33,4,12,11). Now the extreme ranked set sample
from the above four data sets is (21,5,33,33). Now using Table 3.1, for n=4 and
d=0.5 the BLUE of the population mean u of the normal data set for the month

of September using ERSS is
v =0.09592*21+0.09592*5+0.29937*33+0.29937*33=22.5

and Var () =0.02430y°.
7. Conclusion

Using ERSS one can estimate the BLUE of the location parameter of a location
scale family of distributions when the location parameter is proportional to the
scale parameter. Also it may be noted that in all the cases calculated in this work,
the BLUE of the mean of normal, logistic and double exponential distributions
with known coefficient of variation using ERSS is much better than the
competing estimator using ERSS considered for comparison.

13
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