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ABSTRACT

Minimal balanced repeated measurements designs (RMDs) are
economical to balance out the residual effects. In the situations where
these designs cannot be constructed, weakly balanced RMDs are
preferred. In this article, catalogues of circular weakly balanced RMDs
are presented in periods of two different sizes which are highly efficient
according to the efficiency criteria for (i) residual effects, and (ii)
Separability. These catalogues are useful for the practitioners and
researchers.

1. Introduction

Repeated measurements designs (RMDs) are widely used in almost every field of
life. These designs are economical but with the use of RMDs residual effects may
arise. Minimal BRMDs (balanced RMDs) balance out these residual effects at
low cost. Weakly balanced RMDs (WBRMDs) are preferred in the situations
where minimal BRMDs cannot be constructed. RMD is balanced with respect to
the first-order residual effects if each treatment is immediately preceded A' times
by each other treatment (excluding itself). RMD for v (treatments) and p; (period
sizes) is weakly balanced with respect to the first-order residual effects if each
treatment is immediately preceded A'; or A, times by each other treatment
(excluding itself) where [\, - A'q| = 1. Williams (1949) initiated for RMDs.
Cheng and Wu (1980) constructed balanced and strongly balanced uniform
RMDs. Afsarinejad (1994) constructed minimal balanced and strongly balanced
RMDs in periods of unequal sizes. Using method of cyclic shifts, Igbal and Jones
(1994), Igbal and Tahir (2009), Igbal et al. (2010), Rajab et al. (2018), Rasheed
et al. (2018) and Bashir et al. (2018) constructed minimal circular balanced and
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strongly balanced RMDs for different cases. Ahmed et al. (2018) presented the
catalogue of CBRMDs in periods of two different sizes. Some more references of
the designs constructed through method of cyclic shifts can be found in Ahmed et
al. (2020).

Bailey et al. (2017) constructed universally optimal WBRMDs for p = v. Khan et
al. (2019) developed some generators to obtain CWBRMDs for p <v in periods
of equal sizes. Hussain et al. (2020) developed some generators to obtain
minimal CWBRMDs in periods of two different sizes when p; is even. They have
not constructed these designs for p; odd. In this article, catalogues of minimal
CWBRMDs are presented along with their efficiencies for residual effects and
for Separability in periods of two different sizes where p; (odd) >p,. These
designs are constructed through method of cyclic shifts (Rule I).

2. Efficiency of the Proposed Designs
2.1  Efficiency of Residual Effects

In order to consider the efficiency of the constructed designs, the model for
circular RMDs proposed by Davis and Hall (1969) is used.

Y=puE+Dd+Rp+Uv+Pa+¢& (2.1)

Here Y is the npx1 column vector of the np observations, . is the overall mean, &
is the vector of direct effects of order vx1, p is residual effect vector of order vx1,
v is the unit vector of order nx1, & is the vector of period effects having order
px1 and € is random error vector of order npx1 with mean zero and constant
variance o°. E is the matrix of 1’s with order pxq. D, R, U, P are design matrices
of observations versus direct effects, residual effects, unit effects and period
effects of treatments with order npxv,npxv, npxbv and npxp respectively.

Using the identities, D'D = R'D = bpl,, D'R =L, D'U =N, D'P = bE,,, R'U =
N, U'U = pl,, U'U = E,,,P'P=nl,. The reduced normal equations for' 8 and p

will be:
8] _10 m[é] _ [T
C[ﬁ] =l ol [ﬁ] =[]
[bpl,,—p-lNN’ L' —p INN ”5] [D’Y—p-lNU’Y
L' —p INN’ bpl —p INN’ R'Y — p~INU'Y
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0 = bpl, — p~INN’, 0= bpl,, — p~INN’, ;=L — p NN/,
T=D'Y-p INUYY, S=R'Y-p INUY,
For the period of two different sizes information matrix can be presented as:

Cr= bpl, —p;"'N;N'y —p,"*N;N’, L' —p;7'N;N'y — p, 7 'N,N';
L' —p,7'NyN'y —=p,"'N,N’;  bpl, —p;'NyN'y — p,7'N,N',

The information matrix for direct and residual effects denoted by 6 and @

respectively can be specified by their initial rows:

0= [90 ) 61, ey et_l] and @ :[90 ,@1, ey @t_l]

According to the duality presented in the model (2.1), both direct and residual
effects share the same information matrix. The non-zero Eigen values of
information matrix C™ are called the canonical efficiency factors, see James and
Wilkinson (1971) and Pearce et al. (1974). The canonical efficiency factor is
calculated by working out harmonic mean of non-zero Eigen values of their
respective information matrix relative to that of an orthogonal with the same
number of treatments having same number of replications. It is further assume
that 6° is the same for the proposed design and the orthogonal design to which it
is compared. The high value of E, shows that design is suitable for the estimation
of residual effects.

2.2 Efficiency of Separability

RMD must be characterized for its ability of separating the direct and first order
residual effects. Divecha and Gondaliya (2014) used the following measure of
separability called efficiency of separabiliy (Es) for balanced RMDs.

{4 (A3=25)° 1/2 o
Es = [1 {/13+(v—1)12(11+13+(v—1)12} x 100 %

Where
e ); IS number of units allocated for each treatment in two
successive periods.
e Each ordered pair of distinct treatments is given to A, Units.

e Each pair of treatments with itself is given to Az units.
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3. Method of Cyclic Shifts

Method of cyclic shifts introduced by Igbal (1991) is explained here in detail.

e Method of cyclic shifts (Rule 1) is explained here for the construction of
CBRMDs and CWBRMDs.

Rule I: Let S;=[qj1, 92, ---qjp,-1)] ad Si = [qi1, Gizs - Gip,-1)) ] = 1, 2,
..., I-1 be i sets of shifts, where 1 <gq;; < v-1. If each element 1, 2, ..., v-1
appears an equal number of times, say A’ in a new set of shifts S*, where S* =
Haj1. 9j25 - 4ip,-1)) V-(@j1t @zt + Qp,-1)) MO VH{Gis, Gizs -5 Gigp,-1)»
V-(gi1* qiz* .-+ qip,—1)) Mod V}] then it will be CBRMD in periods of sizes p;
and p,. If S* contains all of 1, 2, ...,v-1 exactly A'; time except a few of these
which appear A';-lor A';+1times then it will be CWBRMD. If 1'; = 1 then it will
be minimal CWBRMD. Sum of any two, three, ..., (p-1) consecutive elements of
a set should not be 0 (mod v). If so, reorder the elements of the corresponding set
for better efficiency.

Example 3.1: Minimal CWBRMD is constructed through the following sets of
shifts forv=10, p, =5and p, = 3.

S1=1[3,4,8,6] S;=11, 2]

Proof: S;*= [3,4,8,6,10-(3+4+8+6) mod 10 = 9], S,*= [1,2,10-(1+2) mod 10 =
7]. Combining these two, we get S* = [3,4,8,6,9,1,2,7]. Here each of 1, 2, ..., 9
appears exactly once except 5 which does not appear, hence given sets of shifts
provide minimal CWBRMD for v = 10, p; = 5 and p, = 3. Required CWBRMD
will be obtained using 20 experimental subjects in the following manner.

Take v experimental subjects for one set of shifts S; =[3,4,8,6]. Assign 0, 1, ...,
v-1 to each subject in first period respectively. To get the elements of second
period for each subject, add 3 (mod 10) to the each element of first period for all
subjects. Then add 4 (mod 10) to the each element of second period for all
subjects of third period. Similarly add 8 and 6 to complete the design.

Periods Subjects

1 |12 |3 |4 |5 |6 |7 |8 |9 |10
1 0 |1 |2 |3 |4 |5 |6 |7 |8 19
2 3 14 |5 16 |7 |8 |9 |0 |1 |2
3 7 (8 |9 |0 |1 |2 |3 |4 |5 |6
4 516 |7 |8 |9 |0 |1 |2 |3 |4
5 112 |3 |4 |5 |6 |7 |8 |9 |0
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Take v more experimental subjects for second set of shifts S, = [1, 2]. Assign 0,
1, ..., 9 to each subject in first period respectively. To get the elements of second
period for each subject, add 1 (mod 10) to the each element of first period for all
subjects. Then add 2 (mod 10) to the each element of second period for all
subjects of third period.

Periods Subjects

11 |12 |13 |14 |15 |16 |17 |18 |19 |20
1 0 1 2 3 4 5 6 7 8 9
2 1 2 3 4 5 6 7 8 9 0
3 3 4 5 6 7 8 9 0 1 2

Hence it is required CWBRMD for v = 10, p; = 5 and p, = 3 in 20 experimental
subjects.

3. Catalogues of efficient CWBRMDs in Periods of Two Different Sizes
in Which Some Ordered Pairs Do Not Appear as Preceded values

In this Section, catalogues of efficient CWBRMDs are presented in periods of
two different sizes. In these designs ordered pairs {(0, v/2), (1, (v+2)/2), ..., ((v-
)12, v-1), (v/2, 0), ((v+2)/2, 1), ..., (v-1, (v-2)/2)} do not appear together while
all other appear once. These designs are constructed using the following sets of
shifts.

SJ: [qjl; dj2, ---,qj(r-l)]; j =1, 2,,|

Si+1 = [Qin, G2y -+ s qi(s-l)]
Where

e 1<qj,0p, ---Gj¢-1) Givs Qizs ---» Gis-2) < V-1 but #v/2.
e S* contains each of 1, 2, ...,v-1 exactly once except v/2 which does
not appear.
e S* = [0 --- Qir-0V-(QtOiot... Qi) s Cizs --or Qjs-2),V-
(Qir+ izt ..+ Q)]
4.1 Catalogue of efficient CWBRMDs when p; and p, both are odd

Catalogue of efficient CWBRMDs for v = ri+s+2, i odd, p; = r (odd) and p,=s
(odd) using (i+1) sets of shifts. Here, v< 100, 5 < py<9and 3 < p, < 7 is
presented in Table 1.
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Table 1: Efficient CWBRMDs for v< 100, 5 < p; (odd) <9 and 3 < p, (odd) <7.

V | p1 | p2 | Sets of Shifts Es Er

10 |5 |3 |[4,3,6,8]+[1,2] 0.84 | 0.81

20 |5 |3 |[4,8,15,16]+[5,6,12,13]+[1,2,7,9]+[3,18] 0.87 | 0.81

30 |5 |3 |[24,27,28]+[5,10,24,25]+[11,13,21,22]+ 0.95 | 0.81
[16,17,18,19]+[1,3,6,8]+[7,9]

40 |5 |3 |[2,4,37,38]+[8,7,34,35]+[11,13,31,32]+ 0.96 | 0.81

[23,10,28,29]+[18,24,25,26]+[3,19,15,21] +
[1,5,6,12]+[9,14]

50 |5 |3 | [2,4,47,48]+[7,8,44,45]+[11,13,41,42] + 0.97 | 0.81
[16,17,38,39]+[20,22,35,36]+[21,30,32,33]+
[3,9,28,29]+[5,24,18,26]+[1,6,10,14]+[12,15]

60 |5 |3 | [2,4,57,58]+[7,8,54,55]+[11,13,51,52]+ 0.96 | 0.80
[16,17,48,49]+[20,22,45,46]+[10,41,42,43] +
[26,37,38,39]+[1,14,34,35]+[3,21,31,32] +
[11,25,27,28]+[5,6,9,15]+[18,19]

70 |5 |3 | [2,4,67,68]+[7,8,64,65]+[11,13,61,62]+ 0.95 | 0.80
[16,17,58,59]+[20,22,55,56]+[10,41,52,53] +
[12,48,49,50]+[28,44,45,46]+[6,9,40,42] +
[5,21,37,38]+[14,23,34,33]+[18,29,30,31] +
[1,3,15,24]+[19,25]

80 |5 |3 |[24,77,78]+[7,8,74,75]+[11,13,71,72]+ 0.93 | 0.80
[16,17,68,69]+[20,22,65,66]+[25,26,62,63] +
[3,57,59,60]+[18,53,55,56]+[33,50,51,52] +
[1,15,47,48]+[6,19,44,45]+[12,24,39,42] +
[14,35,36,37]+[23,30,32,34]+[5,9,10,27]+[21,28]

90 |5 |3 | [2,4,87,88]+[7,8,84,85]+[11,13,81,82]+ 0.97 | 0.80
[16,17,78,79]+[20,22,75,76]+[25,26,72,73]+
[3,57,69,70]+[5,64,66,67]+[19,61,62,63]+
[37,56,58,59]+[9,18,50,51]+[34,36,1,54] +
[27,30,31,39]+[12,24,47,48]+[10,38,44,42]+
[21,35,40,41]+[6,14,23,28]+[15,32]

12 |7 |3 [[7,1,2,8,9,10]+[3,4] 0.87 | 0.87

26 |7 |3 | [7,8,21,22,23,24]+[5,9,16,17,18,19]+ 0.94 | 0.87
[1,2,4,6,10,14]+[3,11]

40 | 7 |3 |[7,8,35,36,37,38]+[4,12,14,31,32,33]+ 0.96 | 0.86

[5,15,26,27,28,20]+[2,19,9,21,22,23]+
[1,3,10,11,13,17]+[6,16]

54 (7 |3 |[7,849,50,51,52]+[12,28,44,45 46 47]+ 0.97 | 0.82
[5,6,39,40,41,42]+[17,19,36,34,35,37]+
[2,15,20,29,31,32]+[13,21,23,24,25,26]+
[1,3,4,9,10,11]+[14,18]

100
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68 |7 |3 | [7,863,64,6566]+[1,9,20,59,60,61]+
[15,45,54,55,56,57]+[10,12,48,49,50,51]+
[26,24,42,43,44,46]+[3,6,37,38,39,40]+
[14,23,33,32,31,35]+[19,18,27,28,29,30] +
[2,4,5,11,13,16]+[21,22]

0.98

0.86

82 |7 |3 |[7,877,78,79,80]+[10,30,72,73,74,75] +
[32,33,67,68,69,70]+[3,5,62,63,64,65]+
[16,17,57,58,59,60]+[13,45,52,53,54,55] +
[37,46,47,48,49,50]+[15,40,39,23,42,43]+
[1,11,9,34,35,36]+[2,4,6,12,18,19]+
[14,20,22,24,26,27]+[25,28]

0.98

0.86

96 |7 |3 |[7,8,91,92,93,94]+[10,30,86,87,88,89]+
[20,45,81,82,83,84]+[15,75,76,77,78,79]+
[2,22,70,71,72,73]+[17,32,65,66,67,68] +
[16,58,60,61,62,63]+[11,19,31,55,56,57]+
[14,47,25,49,50,51]+[1,9,13,40,42,43] +
[3,4,35,36,37,38]+[18,23,27,29,28,33]+
[5,6,12,21,41,53]+[24,26]

0.99

0.86

14 [ 9 [2,6,4,8,5,12,9,111+[1,3]

w

0.89

0.89

32 |9 |3 [[13,15,25,26,27,28,29,30]+
[7,6,18,19,20,21,22,23]+[2,1,3,4,8,5,10,14]+[9,11]

0.95

0.89

50 |9 |3 | [18,10,43,44,45 46,47 48]+
[12,36,15,38,37,39,40,41]+
[6,20,29,30,31,32,33,34]+
[1,2,3,23,16,24,27,26]+
[5,10,12,20,24,31,32,33]+[9,19]

0.91

0.89

68 |9 |3 |[36,60,61,62,63,64,65,66]+
[7,9,53,54,55,56,57,58] +
[30,35,46,47,48,49,50,51]+
[21,25,39,40,41,42,43,44]+
[5,10,12,20,24,31,32,33]+
[14,17,18,22,19,23,27,26]+
[1,2,3,4,6,8,13,15]+[11,28]

0.98

0.89

86 |9 |3 |[18,10,79,80,81,82,83,84]+
[30,47,72,73,74,75,76,77]+
[21,19,65,66,67,68,69,70]+
[1,2,58,59,60,61,62,63]+
[35,20,51,52,53,54,55,56] +
[9,42,11,44,45,46,48,49] +
[7,8,12,36,37,38,39,40]+[3,4,5,17,23,27,28,32]+
[6,13,14,15,16,24,222,25]+[26,29]

0.97

0.89

14 |7 |5 [[3,5.12,6,9,8]+[1,4,2,10]

0.89

0.90

28 |7 |5 |[7,8,23,24,25,26]+[3,9,18,19,20,21] +
[5,12,6,13,16, 15]+[1,2,4,10]

0.95

0.87
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42

[7,8,37,38,39,40]+[18,22,32,33,34,35]+
[12,11,27,28,30,29]+[3,5,20,23,24,25]+
[4,6,10,13,15,17]+[1,2,9,14,]

0.97

0.87

56

[25,30,43,44,45,46]+[10,14,38,39,40,41] +
[20,29,33,34,35,36]+[11,26,13,27,28,31]+
[1,2,19,21,22,23]+[5,6,7,8,9,12]+[3,4,15,16]

0.97

0.86

70

[7,8,65,66,67,68]+[19,21,60,61,62,63]+
[31,34,55,56,57,58]+[9,11,51,50,52,53]+
[25,20,45,46,47,48]+[32,40,38,41,42,43]+
[17,18,30,33,36,37]+[2,4,24,26,27,28]+

[ 1,5,10,12,13,14]+[3,6,16,22]

0.98

0.86

84

[7,8,79,80,81,82]+[19,21,74,75,76,77]+
[31,34,69,70,71,72]+[2,4,64,65,66,6 7]+
[15,16,59,60,61,62]+[30,26,55,54,56,57]+
[1,10,35,50,51,52]+[9,13,44,45,46,47]+
[12,28,39,41,40,43]+[3,5,22,32,33,36]+
[6,20,23,25,27,29]+[11,14,17,18]

0.98

0.86

98

[7,8,93,94,95,96]+[19,21,88,89,90,91]+
[31,34,83,84,85,86]+[44,46,78,79,80,81] +
[6,11,73,74,75,76]+[20,22,68,69,70,71]+
[30,37,63,64,65,66]+[40,52,58,59,60,61]+
[9,10,53,54,55,56]+[23,26,47,48,49,50] +
[3,4,5,13,41,42,43]+[1,14,33,35,36,38] +
[15,16,17,18,24,25]+[2,12,27,28 ]

0.97

0.86

16

o

[,

[7,5,9,10,11,12,13,14]+[1,2,3,4]

0.91

0.91

34

[18,10,27,28,29,30,31,32]+
[3,6,20,21,22,23,24,25]+
[5,4,7,9,13,14,15,16]+[1,2,8,11]

0.96

0.90

52

[18,10,45,46,47,48,49,50] +
[14,11,38,39,40,41,42,43]+
[2,20,31,32,33,34,35,36]+
[9,24,12,25,23,27,28,29]+
[1,6,8,7,13,15,16,17]+[3,4,5,19]

0.95

0.89

70

[18,10,63,64,65,66,67,68]+
[2,5,56,57,58,59,60,61]+
[26,30,49,51,50,52,53,54]+
[15,20,42,43,44,45 46 47]+
[7,34,8,36,37,38,39,40]+
[1,25,4,27,28,29,31,32]+
[3,9,13,11,14,21,22,23]+[6,12,16,17]

0.98

0.89

88

[18,10,81,82,83,84,85,86]+
[40,37,74,75,76,77,78,79]+
[21,17,67,68,69,70,71,72]+

0.97

0.89
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[8,6,45,61,62,63,64,65]+
[22,24,53,54,55,57,56,58]+
[4,5,46,47,48,49,50,51]+
[20,33,36,38,39,41,42,43]+
[19,25,28,29,30,31,32,34]+
[2,3,7,9,12,13,14,15]+ [1,11,23,26]

©
~

18 [8,7,11,11,10,13,14,16]+[1,3,2,4,5,6] 0.88 | 0.72

36 |9 |7 |[226,29,30,31,32,33,34]+[3,10,42,14,25,26,27]+ | 0.93 | 0.85
[11,12,15,16,17,13,19,20]+[1,2,4,5,7,8]

54 7 | [18,10,47,48,49,50,51,52]+ 0.97 | 0.90
[11,12,40,41,42,43,44,45]+
[5,13,33,35,34,36,37,38]+
[7,25,8,26,29,28,30,31]+
[1,2,3,4,15,17,19,23]+[6,9,14,16,20,21]

72 |9 |7 |[18,10,65,66,67,68,69,70]+ 0.98 | 0.90
[2,3,58,59,60,61,62,63]+
[26,28,51,52,53,54,55,56]+
[15,16,44,45,47,46,48,49]+
[1,7,37,38,39,40,41,42]+[4,5,12,30,31,32,33,34]+
[6,8,11,9,17,23,21,24]+[13,14,19,20,22,29]

90 |9 |7 |[18,10,83,84,85,86,87,88]+ 0.98 | 0.87
[33,44,76,77,78,79,80,81]+
[20,16,70,71,72,73,74]+
[42,43,62,63,64,65,66,67]+
[21,23,55,56,57,59,58,60]+
[1,2,48,49,50,51,52,53]+
[11,24,30,31,32,34,35,36]+
[3,5,15,22,25,26,27,28]+
[4,6,7,8,9,12,13,14]+[19,38,39,40,41,46]

4.2 Catalogue of efficient CWBRMDs when p; is odd and p, is even

Catalogue of efficient CWBRMD:s for v = ri+s+2, i even, p;=r (odd) and p,=s
(even) using (i+1) sets of shifts. Here, v< 100, 5 < p;<9 and 4 < p, < 8 is
presented in Table 2.

Table 2: Efficient CWBRMD:s for v< 100, 5 < p; (odd) <9 and 4 < p, (even) < 8.

V| p: | p2 | Sets of Shifts Es Er

16 |5 |4 |[3,45,9]+[10,12,13,14]+[1,2,6] 0.91 | 0.83

26 |5 |4 |[24,23,24]+[5,10,20,21]+[9,15,17,18]+ 0.94 | 0.82
[6,7,11,12]+[1,3,8]

36 |5 |4 |[24,3334]+[7,8,30,31]+[1,23,27,28]+ 0.96 | 0.81
[11,22,24,25]+[5,16,10,20]+[9,13,17,14]+[3,6,12]
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[2,4,43,44]+[7,8,40,41]+[11,13,37,38]+
[16,17,34,35]+[12,30,31,32]+[3,5,27,28]+
[1,22,20,24]+[14,15,18,19]+[6,9,10]

0.97

0.81

56

[2,4,53,54]+[7,8,50,51]+[11,13,47 48]+
[16,17,44,45]+[12,30,41,42]+[14,37,38,39]+
[31,32,34,35]+[1,27,22,29]+[18,19,24,25] +
[3,6,9,15]+[5,10,20]

0.97

0.81

66

[2,4,63,64]+[7,8,60,61]+[11,13,57,58]+
[16,17,54,55]+[12,30,51,52] +[5,46,48,49] +
[43,19,44,45]+[3,10,38,40]+[6,14,36,37] +
[14,18,31,34]+[9,22,27,32] +[24,25,26,28] +
[1,20,21]

0.96

0.81

76

[2,4,73,74]+[7,8,70,71]+[11,13,67,68]+
[16,17,64,65]+[12,30,61,62]+[5,46,58,59] +
[6,54,55,56]+[22,50,51,52]+[39,45,47,48] +
[14,26,27,42]+[20,19,32,40]+[10,34,35,36] +
[15,29,31,33]+[3,9,18,21]+[1,23,24]

0.98

0.81

86

[2,4,83,84]+[7,8,80,81]+[11,13,77,78]+
[16,17,74,75]+[19,23,71,72]+[5,46,68,69] +
[6,54,65,66]+[14,58,61,62]+[,40,42,57,59]+
[30,53,55,56]+[1,18,50,51]+[3,25,47,48] +
[22,29,32,44]+[28,31,33,39]+[26,35,36,37]+
[9,12,20,21]+[10,15,27]

0.98

0.81

96

[2,4,93,94]+[7,8,90,91]+[11,13,87,88]+
[16,17,84,85]+[19,23,81,82] +[5,46,78,79] +
[6,54,75,76]+[31,38,72,73]+[10,68,69,70] +
[27,63,65,66]+[1,9,59,61]+[3,35,36,58]+
[12,18,51,55]+[15,22,50,52] +[25,26,45,47]+
[30,33,42,43]+[20,28,39,41]+[24,34,37,40]+
[14,21,29]

0.99

0.78

20

I

[7,8,15,16,17,18]+[ 2,5,6,9,11,13]+[1,3,4]

0.93

0.68

34

[7,8,29,30,31,32]+[2,24,4,25,26,27]+
[15,16,19,20,21,22]+[3,5,6,9,13,14]+[1,10,11]

0.96

0.87

48

[7,8,43,44.45 46]+[19,21,38,39,40,41]+
[5,12,33,34,35,36]+[20,22,28,29,30,31] +
[11,14,25,18,23,26]+[1,2,3,4,6,15]+[ 9,10,13]

0.97

0.86

62

[7,8,57,58,59,60]+[19,21,52,53,54,55]+
[1,2,47,48,49,50]+[3,25,42,43,44,45]+
[26,27,37,38,39,40]+[6,10,32,33,34,35] +
[4,5,9,24,23,29]+[11,13,15,17,18,22]+[12,14,16]

0.98

0.86

76

[7,8,71,72,73,74]+[19,21,66,67,68,69]+
[32,33,61,62,63,64]+[5,9,56,57,58,59]+
[10,29,51,52,53,54]+[30,34,46,47,48,49] +

0.98

0.86
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[2,11,41,42,43,44]+[18,23,37,36,35,39] +
[3,12,25,26,27,28]+ [1,4,6,13,15,17]+[14,16,22]

90

[7,8,85,86,87,88]+[19,21,80,81,82,83]+
[32,33,75,76,77,78]+[42,70,48,71,72,73]+
[12,13,66,65,67,68]+[22,28,60,61,62,63]+
[35,40,55,56,57,58]+[4,6,50,51,52,53]+
[18,44,23,43,46,47]+[2,16,20,24,38,39] +
[9,29,11,30,31,34]+[ 1,3,5,14,15,25]+[10,17,26]

0.98

0.86

24

[17,1,3,18,19,20,21,22]+
[5,6,7,13,9,11,14,15]+[2,4,8]

0.94

0.90

42

[18,10,35,36,37,38,39,40] +
[15,20,28,30,29,31,32,33]+
[3,1,17,22,23,24,25,26]+
[2,4,6,8,9,11,12,13]+[5,7,14]

0.97

0.89

60

[18,10,53,54,55,56,57,58]+
[5,46,12,47,48,49,50,51]+
[2,39,4,40,41,42,43 4]+
[24,31,32,34,33,35,36,37]+
[8,3,11,23,25,26,27,28]+
[1,9,14,15,19,20,21]+[6,7,13]

0.96

0.86

78

[7,8,71,72,73,74,75,76]+
[30,37,64,65,66,67,68,69]+
[14,57,16,58,59,60,61,62]+
[4,9,51,50,52,53,54,55]+
[6,10,13,44,45,46,47 48]+
[20,22,34,35,38,36,40,41]+
[18,21,25,24,26,27,28,31]+
[1,2,3,5,12,17,23,29]+[11,15,19]

0.94

0.89

96

[13,15,89,90,91,92,93,94]+
[30,47,82,83,84,85,86,87]+
[14,16,75,76,77,78,79,80]+
[29,50,68,69,70,71,72,73]+
[12,20,61,63,62,64,65,66]+
[28,53,54,55,56,57,58,59] +
[18,35,44,43,45,46,49,51]+
[7,8,36,37,38,39,40,41]+
[2,6,5,22,31,27,32,33]+
[1,3,6,9,10,11,17,18]+[25,21,24]

0.97

0.89

22

[6,8,9,10,12,13]+[14,15,16,17,18,19,20]+
[1,2,3,4,5]

0.90

0.65

36

[7,8,31,32,33,34]+[1,3,26,27,28,29]+
[14,15,22,23,21,24]+[11,12,16,17,13,19]+
[2,4,5,69]

0.96

0.87

50

[7,8,45,46,47,48]+[19,21,40,41,42 43]+

0.93

0.87
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[5,10,36,35,37,38]+[18,22,30,31,32,33] +
[4,24,2,26,27,28]+[9,11,13,14,15,16]+
[1,2,3,6,17]

64

[7,8,59,60,61,62]+[19,21,54,55,56,57]+
[1,2,47,50,51,52]+[10,14,44,45,46,49]+
[25,26,39,40,41,42]+[3,9,34,35,36,37]+
[18,23,28,29,31,30]+[11,13,15,16,22,24]+
[4,5,6,12,17]

0.98

0.87

78

[7,8,73,74,75,76]+[19,21,68,69,70,71]+
[30,35,63,64,65,66]+[3,9,58,59,60,61] +
[17,20,53,54,55,56]+[29,33,48,49,50,51] +
[4,5,43,44,45 46]+[2,37,34,38,41,40]+
[1,6,22,28,31,32]+[15,16,23,25,24,26] +
[10,11,12,13,14]

0.98

0.87

92

[7,8,87,88,89,90]+[19,21,82,83,84,85]+
[30,35,77,78,79,80]+[40,50,72,73,74,75]+
[11,12,67,68,69,70]+[10,38,62,63,64,65]+
[34,39,57,58,59,60]+[2,4,52,53,54,55]+
[13,31,37,47,48,49]+[29,32,41,42,43 44]+
[9,25,26,27,28,33]+[1,3,5,14,22,23]+
[6,15,16,17,18]

0.98

0.86

26

[2,1,18,20,21,22,24,23]+[3,5,4,11,14,16,15 17]+
[6,7,8,9,10]

0.94

0.91

44

[13,15,37,38,39,40,41,42] +
[12,21,30,31,32,33,34,35]+
[18,20,23,24,25,26,27,28]+
[1,2,3,5,11,14,16,17]+[4,6,7,8,9]

0.97

0.90

62

[13,15,55,56,57,58,59,60] +
[7,8,48,49,50,51,52,53]+
[1,2,40,42,43,44,45 46]+
[17,33,34,35,36,37,38,39] +
[3,5,6,26,27,28,30,29]+
[14,18,19,20,21,22,23,24]+[4,9,10,11,12]

0.98

0.90

80

[13,15,73,74,75,76,77,78]+
[33,44,66,67,68,69,70,71]+
[21,25,59,60,61,62,63,64]+
[7,8,52,53,54,55,56,57]+
[34,30,46,45,47,48,49,50]+
[12,32,37,39,36,38,41,42] +
[19,22,23,26,27,28,29,31]+
[1,2,3,5,6,9,10,20]+[4,11,14,16,17]

0.98

0.89

98

[13,15,91,92,93,94,95,96]+
[32,45,84,85,86,87,88,89]

0.99

0.89
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+[12,16,77,78,79,80,81,82]+
[55,22,70,72,71,73,74,75]+
[11,17,63,64,65,66,67,68]+
[23,54,56,57,58,59,60,61]+
[28,30,48,33,47,50,51,52] +
[3,6,29,40,41,42,43 4]+
[20,24,31,34,35,36,37,38] +
[1,2,4,9,10,14,18,19]+[5,7,8,25,26]

28 |9 |8 |[34,20,21,22,23,24,25]+[1,2,13,11,15,16,17,18]+ | 0.95 | 0.92
[5,6,7,8,9,10,12]

46 |9 |8 |[18,10,39,40,41,42,43,44]+ 0.97 | 0.90
[15,16,33,32,34,35,36,37]+
[14,20,25,26,27,28,29,30] +
[7,6,13,9,17,19,22,21]+[1,2,3,4,5,8,11]

64 |9 |8 |[18,10,57,58,59,60,61,62]+ 0.98 | 0.90
[6,7,50,51,52,53,54,55]+[1,2,38,44,45 46,47 48]+
[20,22,36,37,39,40,41,42]+
[3,4,12,16,30,31,29,33]+
[5,13,21,23,24,25,26,27]+[8,9,11,14,15,17,19]

82 |9 |8 |[18,10,75,76,77,78,79,80]+ 0.98 | 0.90
[11,66,68,69,70,71,72,73]+
[20,60,30,61,62,63,64,65]+
[5,13,53,54,55,56,57,58]+
[22,45,46,47,48,49,50,51]+
[9,36,38,40,37,39,42,43]+
[3,21,28,29,31,32,33,34]+
[1,2,17,19,23,24,25 26]+[4,6,7,8,12,14,15]

4. Catalogues of efficient CWBRMDs in Periods of Two Different Sizes
in Which Some Ordered Pairs Appear Twice Together as Preceded
values

In this Section, catalogues of efficient CWBRMDs are presented in periods of
two different sizes. In these designs ordered pairs {(0, v/2), (1, (v+2)/2), ..., ((v-
2)12,v-1), (v/2, 0), ((v+2)/2, 1), ..., (v-1, (v-2)/2)} appear twice together while all
other appear once. These designs are constructed using the following sets of
shifts.

Si= [din, Gizs ---»Qir-n]; j=1,2,...,
Si+1 = [Qi, Gizs ---» Qigs-1))
Where

hd 1 S (r]jl;qj23 ---3qj(f—l)’ qily qi23 AR} Qj(s-l)f V-l
107



H. M. Kashif Rasheed, Rida Jabeen, Sajid Hussain,Azhar Shah and Rashid Ahmed

e S* contains each of 1, 2, ...,v-1 exactly once except v/2 which
appears twice.

e S* = [QinO2 ---» iy V-(QutQict-. Fie-y)s s Qizs ---> Qis-1),V-
(Qir izt ..+ qis-1)]
5.1 Catalogue of efficient CWBRMDs When p; and p, both are odd

Catalogue of efficient CWBRMDs for v = ri+s, i odd, p; = r (odd) and p,=s
(odd) using (i+1) sets of shifts. Here, v< 100, 5 <p;<9 and 3 <p,< 7 in Table 3.

Table 3: Efficient CWBRMDs for v< 100, 5 < p; (odd) <9 and 3 < p, (odd) <7.

V. | p1 | p2 | Sets of Shifts Es Er

8 |5 |3 |[1,234]+5,4] 0.82 | 0.85
18 |5 |3 |[1,2,37]+[6,4,9,8]+[17,16,12,13]+[15,11] 0.92 | 0.81
28 |5 |3 |[14,2,3,4]+[6,7,8,9]+[16,12,13,1]+[15,11,17,18]+ | 0.92 | 0.82

[20,27,22,19]+[25,10]

38 |5 |3 |[24.2,3,4]+[37,7,8,9]+[27,12,13,14]+ 0.96 | 0.81
[36,22,19,18]+[21,20,17,23]+
[25,26,6,28]+[30,35,32,1]+[31,34]

48 [5 |3 | [34,2,3,4]+[6,7,16,9]+[42,12,13,14]+ 0.97 |0.81
[44,17,18,19]+[26,47,24,23]+[21,39,27,28] +
[30,38,32,33]+[35,40,36,8]+[37,41,1,43]+[45,20]

58 |5 |3 | [44,2,3,4]+[24,7,8,9]+[57,12,13,14]+ 0.98 | 0.81
[16,48,18,19]+[40,22,23,6]+[31,28,27,29] +
[45,30,32,33]+[46,36,37,38]+[56,41,42,43]+
[49,35,54,39]+[29,51,52,53]+[26,21]

68 |5 |3 | [54.2,3,4]+[6,7,8,9]+[11,12,13,14]+ 0.98 | 0.80
[16,17,15,21]+[10,31,46,24]+
[20,27,28,29]+[66,37,34,33]+
[35,36,30,64]+[22,41,42,43]+
[63,65,44,48]+[50,51,49,53]+
[55,40,57,58]+[60,61,59,45]+[23,19]

78 |5 | 3 | [64,2,3,4]+[6,7,46,9]+[24,12,13,14]+ 0.98 | 0.80
[77,17,18,19]+[21,22,23,70]+[26,27,28,45] +
[76,32,33,58]+[74,44,39,38]+[71,41,42,43]+
[61,29,47,48]+[75,73,57,53]+[31,56,52,36] +
[60,11,66,63]+[65,72,67,68]+[8,62,69,16]+
[50,55]

88 |5 |3 | [74,83,16,86]+[6,7,8,9]+[34,12,13,14]+ 0.98 | 0.80
[87,17,18,19]+[76,28,23,24]+[26,27,21,36]+
[31,32,33,60]+[29,43,38,22] +[4,42,37,49] +
[45,46,47,48]+[50,51,52,57]+[55,56,53,41]+
[11,61,62,63]+[65,85,64,68]+[40,71,72,80]+
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[30,82,77,841+[73,81,39,2]+[75,10]

98 |5 |3 | [84.,2,3,4]+[64,7,8,9]+[44,12,13,14]+
[16,17,18,19]+[97,22,23,24]+[26,27,89,29] +
[62,32,33,34]+[36,37,38,39] +[41,42,43,21] +
[40,47,48,11]+[49,86,52,53]+[55,56,57,58] +
[60,61,20,63]+[96,95,73,59] +[70,74,72,94] +
[75,76,80,78]+[77,81,85,6]+[71,51,87,91]+
[79,88,65,93]+[66,31]

0.98

0.80

10 7 [21113151419]+[7’8]

w

0.86

0.88

24 |7 |3 |[21,2,4,5,8]+[20,9,11,19,12,13]+
[15,14,16,17,18,10]+[3,22]

0.91

0.86

38 (7 |3 |[11,2,3,4,56]+[8,9,19,1,12,13]+
[15,16,17,18,37,19]+[29,36,23,24,25,26] +
[28,22,10,31,32,33]+[35,21]

0.95

0.80

52 |7 |3 |[25,2,3,4,5,6]+[8,9,37,11,12,13]+
[15,17,16,18,19,50]+[22,23,24,1,26,27]+
[51,29,35,31,32,33]+[48,36,10,38,47,40] +
[42,43,45,44,20,39]+[30,46]

0.96

0.86

66 | 7 |3 | [39,2,3,4,56]+[8,9,10,11,1,13]+
[15,16,18,26,19,17]+[22,23,24,25,49,27]+
[65,36,61,37,38,12]+[43,57,44,45,46,47]+
[64,63,51,52,53,54]+[56,42,58,55,60,30] +
[35,61,37,38,12,41]+[50,20]

0.95

0.86

80 | 7 |3 |[53.2,3,4,56]+[8,9,10,11,15,13]+
[49,16,17,18,19,20]+[31,7924,25,26,27] +
[29,54,23,32,33,34]+[78,37,38,39,40,47]+
[42,43,44,45,46,52]+[12,50,51,40,1,30] +
[77,22,57,59,60,62]+[76,64,65,71,67,68]+
[70,55,72,73,74,75]+[66,36]

0.97

0.86

94 |7 |3 |[67.,2,3,456]+[89,27,11,12,13]+
[77,16,17,18,19,20]+[52,23,24,25,26,10] +
[29,88,31,32,30,34]+[36,40,35,39,49,41] +
[50, 93,46,45,47,48]+[92,44,51,22,53,54]+
[91,84,58,59,55,61]+[63,64,65,66,75,68] +
[89,71,72,73,74,15]+[70,78,90,80,81,82] +
[57,85,86,87,33,43]+[56,37]

0.98

0.86

w

129 [1,4,2,95,6,7,8]+[3,10]

0.88

0.91

30 |9 |3 |[163,6425,7,8]+[22,11,13,12,14,15,17 1]+
[29,28,20,21,10,27,24,25]+[23,19]

0.95

0.89

4819 |3 |[12,3456,7,8]+[11,31,9,13,15,14,16,17]+
[47,28,22,21,23,24,25,26]+
[27,20,29,30,46,32,33,34]+
[36,35,38,39,40,19,42,43]+[45,10]

0.97

0.85
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66

[22,2,3,4,5,6,7,8]+[10,11,12,19,15,14,16,17]+
[13,38,21,1,23,24,25,26]+
[65,29,30,39,32,33,34,35] +
[36,37,64,49,40,41,42,43]+
[46,45,20,31,48,50,51,52] +
[54,55,56,63,58,59,60,61]+[57,47]

0.98

0.86

84

[40,2,3,4,5,6,7,8]+[52,11,12,13,14,15,16,17]+
[19,21,65,22,23,24,25,26]+
[76,29,30,31,32,33,34,35]+
[37,38,39,1,50,42,43,44]+
[45,46,47,48,49,41,81,10]+
[54,55,56,77,20,59,60,61]+
[63,64,58,66,67,69,51,79]+
[82,73,74,75,83,57,78,80]+[68,72]

0.98

0.87

12

o1

[5,1,8,6,7,10]1+[2,3,4.6]

0.88

0.90

26

[7,8,21,22,23,24]+[5,9,16,17,18,19]+
[1,2,3,4,14,13]+[6,10,11,12]

0.95

0.88

40

[7,8,35,36,37,38]+[4,12,14,31,32,33]+
[5,15,26,27,28,29]+[6,9,19,20,21,22]+
[1,3,10,11,13,17]+[2,16,18,20]

0.96

0.87

54

[7,8,49,50,51,52]+[12,28,44,45,46,47]+
[5,39,6,40,41,42]+[19,36,17,35,37,38]+
[2,15,20,29,31,32]+[13,21,22,23,26,27]+
[1,3,4,9,10,11]+[14,18,24,25]

0.97

0.87

68

[7,8,63,64,65,66]+[1,9,20,59,60,6 1]+
[15,45,54,55,56,57]+[10,12,48,49,50,51]+
[26,24,42,43,44,46]+[3,6,37,38,39,40] +
[14,25,31,32,33,34]+[19,18,27,28,29,30] +
[2,4,5,11,13,16]+[21,22,34,25]

0.96

0.86

82

[7,8,77,78,79,80]+[10,30,72,73,74,75]+
[32,33,67,68,69,70]+[3,5,62,63,64,65]+
[16,17,57,58,59,60]+[13,45,52,53,54,55] +
[37,46,47,48,49,50]+[15,25,39,40,41,42]+
[1,11,9,34,35,36]+[2,4,6,12,18,19]+
[14,20,22,24,26,27]+[25,23,28,29]

0.98

0.86

96

[7,8,91,92,93,94]+[10,30,86,87,88,89]+
[20,45,81,82,83,84]+[15,75,76,77,78,79]+
[2,22,70,71,72,73]+[17,32,65,66,67,68] +
[16,58,60,61,62,63]+[11,19,31,55,56,57]+
[14,26,47,48,50,51]+[1,9,13,40,42,43]+
[3,4,35,36,37,38]+[18,23,27,29,28,33]+
[5,6,12,21,41,53]+[24,25,46,48]

0.99

0.86
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14

[2,3,5,8,7,9,11,12]+[1,4,6,7]

0.90

0.92

32

[12,16,25,26,27,28,29,30] +
[7,6,18,19,20,21,22,23]+[2,1,3,4,8,5,10,14]+
[9,11,13,12]

0.93

0.92

50

[18,10,43,44,45,46,47,48]+
[12,36,15,38,37,39,40,41]+
[6,20,29,30,31,32,33,34]+
[1,2,3,22,16,25,26,27]+[9,19,23,24]

0.95

0.93

68

[36,60,61,62,63,64,65,66]+
[7,9,53,54,55,56,57,58]+
[30,35,46,47,48,49,50,51]+
[21,25,39,40,41,42,43,44] +
[5,10,12,20,24,29,33,34]+
[14,17,18,22,19,23,27,26]+
[1,2,3,4,6,8,13,15]+[11,28,31,32]

0.93

0.77

86

[18,10,79,80,81,82,83,84]+
[30,47,72,73,74,75,76,77]+
[21,19,65,66,67,68,69,70]+
[1,2,58,59,60,61,62,63]+
[35,20,51,52,53,54,55,56]+
[9,42,11,44,45,46,48,49] +
[7,8,12,31,37,39,40,41]+[3,4,5,17,23,27,28,32]+
[6,13,14,15,16,24,22,25]+[26,29,36,38]

0.97

0.89

16

[7,6,8,10,11,12,13,14]+[1,2,3,4,5,8]

0.91

0.93

34

[18,10,27,28,29,30,31,32] +
[3,6,20,21,22,23,24,25]+
[4,5,7,11,13,14,15,16]+[1,2,8,9,12,17]

0.96

0.90

52

[18,10,45,46,47,48,49,50]+
[14,11,38,39,40,41,42,43]+
[2,20,31,32,33,34,35,36] +
[9,21,12,25,26,27,28,29]+
[1,6,8,7,13,15,16,17]+[3,4,5,19,23,24]

0.95

0.90

70

[18,10,63,64,65,66,67,68]+
[2,5,56,57,58,59,60,61]+
[26,30,49,51,50,52,53,54]+
[15,20,42,43,44,45,46,47]+
[6,8,35,36,37,38,39,40]+[4,1,25,27,28,29,31,32] +
[3,9,13,11,14,21,22 23]+[7,12,17,16,19,34]

0.98

0.87
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88 (9 |7 |[18,10,81,82,83,84,85,86]+ 0.96 | 0.90
[40,37,74,75,76,77,78,79]+
[21,17,67,68,69,70,71,72]+
[8,6,45,61,62,63,64,65]+
[22,24,53,54,55,57,56,58]+
[4,5,46,47,48,49,50,51]+
[20,33,36,38,39,41,42,43]+
[19,28,11,29,31,34,35,44] +
[2,3,7,9,12,13,14,15]+[1,23,26,27,30,44]

5.2 Catalogue of efficient CWBRMDs when p; is odd and p. is even

Catalogue of efficient CWBRMDs for v = ri+s, i even, p; =r (odd) and p,= s
(even) using (i+1) sets of shifts. Here, v< 100, 5 < p; <9 and 4 < p, < 8 in Table
4.

Table 4: efficient CWBRMDs for v< 100, 5 < p; (odd) <9 and 3 < p,(even) < 7.

V| p1 | po | Sets of Shifts Es | Er

14 |5 |4 |[2,4,11,12]+[1,3,7,8]+[5,6,7] 0.90 | 0.83

24 |5 | 4 |[24,21,22]+[7,8,18,19]+[12,13,14,15]+[1,3,5,6]+ | 0.90 | 0.82
[10,11,12]

34 |5 |4 |[24,31,32]+[7,8,28,29]+[10,14,25,26]+ 0.93 [ 0.82
[1,5,18,20]+[3,13,16,17]+[ 6,9,11,12]+[21,23,17]

44 |5 |4 | [2,4,41,42]+[7,8,38,39]+[10,14,35,36]+ 0.97 | 0.82

[3,5,13,33]+[19,23,29,30]+[1,6,26,27] +
[11,15,16,21]+[9,17,20,18]+[12,22,32]

54 |5 |4 | [24,51,52]+[7,8,48,49]+[10,14,45 46]+ 0.97 | 0.81
[16,17,42,43]+[19,23,39,40]+[22,29,36,37]+
[1,5,33,34]+[3,12,30,31]+[18,20,21,24]+
[6,9,11,13]+[26,27,28]

64 |5 | 4 | [51,61,62]+[7,8,58,59]+[10,14,55,56]+ 0.98 | 0.81
[16,17,52,53]+[18,24,49,50]+[21,30,46,47]+
[22,38,43,44]+[2,4,39,41]+[3,19,34,35]+

[9,26,31,29]+[13,23,25,27]+[6,11,12,15] +
[36,32,28]

74 |5 |4 | [2.4.71,72]+[7,8,68,69]+[10,14,65,66]+ 0.98 | 0,81
[16,17,62,63]+[18,24,59,60]+[25,26,56,57] +
[20,40,53,54]+[31,38,50,51]+[1,3,47,48]+
[5,13,39,45]+[9,11,41,43]+[21,23,33,35]+
[6,19,12,15]+[28,27,29,30]+[42,37,32]
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84

[2,4,81,82]+[7,8,78,79]+[10,14,75,76]+
[16,20,71,72]+[22,23,68,69]+[26,28,65,66]+
[30,33,62,63]+[36,37,58,60]+[6,56,57,59] +
[1,5,53,54]+[3,12,50,51]+[11,29,31,48]+
[15,18,44,45]+[19,32,38,39]+[9,17,21,24] +
[ 25,27,34,35]+[41,44,43]

0.98

0.81

94

[2,4,91,92]+[7,8,88,89]+[10,14,85,86]+
[16,17,82,83]+[20,22,79,80]+[25,26,76,77]+
[46,73 48 74]+[3,57,70,71]+[5,66,67,68] +
[19,62,63,64]+[37,58,59,60]+[9,18,52,53] +
[1,34,36,55]+[27,30,31,49]+[10,38,42,44] +
[21,35,40,41]+[6,14,23,28]+[15,32,47]

0.98

0.81

18

I

[3,2,5,6,15,7]+[8,4,11,10,12,13]+[1,9,17]

0.92

0.87

32

[21,26,27,28,29,30]+[6,17,11,25,22,23] +
[3,4,5,8,14,12]+[1,2,7,10,9,15]+[13,16,19]

0.96

0.87

46

[2,22,4,24,43,44]+[7,10,19,25,40 41]+
[11,18,13,28,37,38]+[15,16,17,31,34,35] +
[12,21,27,29,30,32]+[1,3,5,6,8,9]+[20,23,26]

0.97

0.86

60

[2,27,4,33,57,58]+[7,28,8,32,54,55]+
[11,29,13,31,51,52]+[16,25,17,35,48,49] +
[20,24,22,36,45,46]+[5,9,18,19,42,43]+
[23,21,37,38,39,40]+[1,3,6,10,12,14]+[26,30,34]

0.96

0.86

74

[7,6,32,35,71,72]+[19,11,66,67,68,69]+
[22,33,61,62,63,64]+[1,5,56,57,58,59]+
[10,21,51,52,53,54]+[26,30,46,47,48,49] +
[3,4,41,42,43,44]+[18,8,13,16,24,29]+
[2,12,14,34,27,28]+[9,15,17,20,23,25]+[36,37,38]

0.98

0.86

88

[8,24,25,37,85,86]+[21,9,80,81,82,83]+
[32,23,75,76,77,78]+[42,38,70,71,72,73] +
[5,12,65,66,67,68,]+[28,14,60,61,62,63] +
[27,40,55,56,57,58]+[3,6,45,51,52,53]+
[34,41,43,46,47,48]+[2,12,16,18,20,26] +
[7,11,29,30,31,33]+[1,4,10,15,17,19]+[49,44,39]

0.97

0.86

22

[1,2,4,3,18,12,19,20]+
[5,9,10,6,12,13,14,16]+[7,11,15]

0.87

0.90

40

[18,6,28,16,23,35,37,38] +
[15,12,36,29,30,31,32,33]+
[1,5,19,17,21,22,24,25]+
[2,3,4,7,8,9,10,11]+[13,20,27]

0.94

0.90

58

[2,7,18,46,53,54,55,56]+
[5,12,34,47,48,49,50,51]+
[4,16,20,39,40,41,42,43]+
[24,25,30,32,33,35,36,37]+
[3,6,11,19,23,26,27,28]+

0.96

0.89
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[1,9,8,10,13,15,17,20]+[14,29,44]

76

[2,1,3,9,71,74,73,72]+[26,37,64,65,66,67,68,69]+
[20,16,57,58,59,60,61,62]+
[4,5,50,51,52,53,54,55]+
[6,14,15,40,44,45,46 47]+
[18,22,33,34,35,36,41,42] +
[7,23,24,25,30,29,27,31]+
[8,10,11,12,13,17,19,20]+[28,38,48]

0.96

0.89

94

[13,15,40,41,89,90,91,92]+
[33,30,82,83,84,85,86,87]+
[14,16,75,76,77,78,79,80]+
[29,50,69,68,70,71,72,73]+
[12,20,61,62,63,65,64,66]+
[28,53,54,55,56,57,58,59] +
[19,35,38,43,45,44,49,51]+
[7,8,24,26,34,36,37,39]+
[2,6,5,21,22,25,27,31]+
[1,3,4,9,10,11,17,18]+[46,47,48]

0.96

0.89

20

[8,10,12,16,17,18]+[9,5,11,6,13,14]+[1,3,4,7,10]

0.93

0.89

34

[7,8,29,30,31,32]+[24,2,4,25,26,27,28] +
[15,16,19,20,21,22]+[5,3,6,10,13,14]+
[1,9,11,12,17]

0.96

0.88

48

[7,8,43,44,45 46]+[19,21,38,39,40,41]+
[5,12,33,34,35,36]+[20,22,28,29,30,31] +
[11,16,18,23,24,25]+[1,2,3,4,6,15]+
[9,10,13,14,24]

0.97

0.87

62

[7,8,57,58,59,60]+[19,21,52,53,54,55]+
[1,2,47,48,49,50]+[3,25,42,43,44,45]+
[26,27,37,38,39,40]+[6,10,32,33,34,35] +
[4,5,9,24,23,29]+[11,13,15,17,18,20]+
[12,14,16,22,28]

0.97

0.87

76

[7,8,71,72,73,74]+[19,21,66,67,68,69]+
[32,33,61,62,63,64]+[5,9,56,57,58,59] +
[10,29,51,52,53,54]+[30,34,46,47,48,49] +
[2,11,41,42,43,44]+[18,24,35,36,37,38] +[3,12,25,
26,27,28]+ [1,4,6,13,15,17]+[14,16,22,23,38]

0.98

0.87

90

[7,8,85,86,87,88]+[19,21,80,81,82,83]+
[32,33,75,76,77,78]+[42,70,48,71,72,73]+
[12,13,66,65,67,68]+[22,28,60,61,62,63]+
[35,40,55,56,57,58]+[4,6,50,51,52,53] +
[17,23,43,45,46,47]+[2,16,20,24,38,39] +
[9,29,11,30,31,34]+[1,3,5,14,15,25]+
[10,18,26,37,44]

0.98

0.86
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24

[8,1,12,18,19,20,21,22]+
[6,5,7,11,9,13,14,15]+[2,3,4,10,12]

0.94

0.91

42

[18,10,35,36,37,38,39,40] +
[15,20,28,29,30,31,32,33]+
[1,21,5,17,22,24,25,26]+
[2,4,6,8,9,11,12,13]+[3,7,14,16,21]

0.97

0.85

60

[18,10,53,54,55,56,57,58]+
[5,46,12,47,48,49,50,51]+
[4,16,39,30,40,41,42,43]+
[24,31,32,34,33,35,36,37]+
[8,3,11,23,25,26,27,28]+
[1,9,14,15,19,17,20,21]+[2,6,7,13,30]

0.96

0.89

78

[7,8,71,72,73,74,75,76]+
[30,37,64,65,66,67,68,69]+
[14,57,16,58,59,60,61,62]+
[4,9,51,50,52,53,54,55]+
[13,10,15,39,44,45,46,47]+
[20,22,34,35,38,36,40,41] +
[18,21,24,25,26,27,28,31]+
[1,2,3,5,12,17,23,29]+[11,6,19,33,39]

0.95

0.87

96

[13,15,89,90,91,92,93,94] +
[30,47,82,83,84,85,86,87]+
[14,16,75,76,77,78,79,80]+
[29,50,68,69,70,71,72,73]+
[12,20,61,63,62,64,65,66]+
[28,53,54,55,56,57,58,59]+
[19,35,43,44,45,46,49,51]+
[7,8,26,37,39,40,41,42]+
[2,6,5,22,31,27,32,33]+
[1,3,4,9,10,11,17,18]+[25,21,24,36,38]

0.99

0.89

26

[18,2,1,20,21,22,23,24]+
[3,5,4,12,13,16,15,17]+[6,7,8,9,10,11,13]

0.95

0.92

44

[13,15,37,38,39,40,41,42] +
[12,21,30,31,32,33,34,35]+
[18,20,23,24,25,26,27,28]+
[1,2,5,3,8,14,17,22]+[4,6,7,9,10,11,19]

0.97

0.90

62

[13,15,55,56,57,58,59]+[7,8,48,49,50,51,52,53] +
[1,2,40,42,43,44,45 46]+
[17,33,34,35,36,37,38,39]+
[3,4,6,26,27,28,29,31]+
[14,18,19,20,21,22,23,24]+[5,9,10,11,12,16,30]

0.97

0.90
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809 |8 |[13,1573,74,75,76,77,78]+ 0.98 [ 0.90
[33,44,66,67,68,69,70,71]+
[21,25,59,60,61,62,63,64]+
[7,8,52,53,54,55,56,57]+
[34,30,46,45,47,48,49,50] +
[11,32,36,37,38,40,41,42]+
[19,22,23,26,27,28,29,31]+
[1,2,3,5,6,9,10,20]+[4,12,14,16,17,18,39]

98 |9 |8 |[13,15,91,92,93,94,9596]+ 0.99 |0.90
[32,45,84,85,86,87,88,89]+
[12,16,77,78,79,80,81,82]+
[55,22,70,72,71,73,74,75,]+
[11,17,63,64,65,66,67,68]+
[23,54,56,57,58,59,60,61]+

[28,30, 47,33,48, 51,50,52]+
[3,6,26,40,41,42,43,44]+
[20,24,31,34,35,36,37,38] +
[1,2,4,9,10,14,18,19]+[5,7,8,25,27,29,46]

5. Conclusion

Catalogues of the designs are always useful for the experimenters because of
their readymade solution. The catalogues presented in this article provide the all
possible minimal efficient CWBRMD:s for v (even) < 100, 5 < p; (odd) <9 and 3
< p2 < 7 through method of cyclic shifts (Rule I). As a future research, catalogues
of these designs for some of the remaining cases can also be constructed through
method of cyclic shifts (Rule I1).
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