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ABSTRACT

The von Mises distribution is one of the most important distributions in
statistics dealing with circular data. However, since circular data is very
often asymmetric, we propose the sine-skewed von Mises distribution for
modelling such data. In this paper we shall consider some basic properties
and characterizations of the sine-skewed von Mises distribution.

1. Introduction

The von Mises distribution, also known as the circular normal or the Tikhonov
distribution, is one of the principal symmetric distributions on the circle.
However, most of the classical models such as von Mises, cardioid and wrapped
Cauchy are symmetric-unimodal distributions and rarely applied in practice,
since circular data is very often asymmetric and multimodal. Therefore, several
new unimodal/multimodal circular distributions capable of modeling symmetry
as well as asymmetry have been proposed in the literature. Mention may be made
of asymmetric Laplace distribution proposed by Jammalamadaka and
Kozubowski (2003), the nonnegative trigonometric sums distribution considered
by Fernandez-Duran (2004), the asymmetric version of the von Mises
distribution studied by Umbach and Jammalamadaka (2009), and the
stereographic extreme—value distribution considered by Phani et al. (2012).
Recently Hatami and Alamatsaz (2019) proposed a new transformation in order
to construct a large class of new skew-symmetric circular models.

Earlier skew-symmetric distributions were introduced by Azzalini (1985). It was
presented as a skewing normal distribution. This technique is used to skew any
continuous symmetric distribution. See - for example - in the univariate case,
Jammalamadaka (2009). Pewsey (2000) proposed the wrapped skew-normal
Arnold and Beaver (2000), Azzalini (2014), Gupta et al. (2002) and Umbach and
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distribution as a model for circular data. Abe and Pewsey (2011) considered sine-
skewed circular distributions. Yilmaz (2018) proposed the wrapped flexible skew
Laplace distribution and studied its properties. In a similar spirit we propose and
characterize the sine-skewed von Mises distribution. It should be noted that the
von Mises distribution is one of the most important distributions in statistics to
deal with the circular data or directional data. It is the circular analog of the
normal distribution on a line.

Suppose fp () is asymmetric circular density of a circular random variable 6
which is symmetric about zero. Then the sine-skewed circular probability
density fy(6,)is defined as

fo(01) = fo(6:)(1 + AsinB,) (1.1)

where —r < 6; <m and —1 < 1 < 1. It should be noted that our construction of
the sine-skewed circular probability density is slightly different from that of Abe
and Pewsey (2011). In this paperf,(6,)will be taken as von Mises distribution
with f,(6;) as

ekcos 0,4

fo(01) = —27T10(k)'

-n<6,<m, k>0 (1.2)

where 6, is measured in radian, k is a scale factor and I,(k) is the modified
Bessel function of the first kind and order 0. Recall that

2 2

0= 3.6 ()

Jj=0

see Abramowitz and Stegan (1970) for details.

Combining (1.1) and (1.2), the sine-skewed von Mises circular distribution with
probability density function (pdf) fs,u (61) is given by

k cos 6,

fsom(01) = 2l (0

(1+A4sinf;), — <6, <m-1<A1<1landk=0.

(1.3)

We will denote the random variable 6 with pdf as given in (1.3) above
as svM(6, A, k). It should be noted that the distribution in (1.3) is different from
the asymmetric generalized von Mises (AGvM) distribution proposed by Kim
and SenGupta (2013). While inferential issues with respect to this distribution
has been discussed in the literature, see for example, Ley and Verdebout (2014)
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and Abe and Ley (2017); to the best of our knowledge no characterization results
are available. We aim to fill this gap. The paper is organized as follows. Section
2 gives the main results; while Section 3 presents two characterizations of the
sine-skewed von Mises distribution. Finally Section 4 concludes the paper.

2. Main Results

It is known that

ekcosd — [ (k) 4 2 Z 1;(k) cos j6, 2.1)
j=1
where I; (k) is the Bessel function of order j.

Using (2.1) the pdf of the sine-skewed von Mises distribution can be written as
fom (61,4, k) = — (k) ——(Io(k) + 2 X%, [;(k) cos j6,)(1 + Asin 6,), (2.2)

where—m <0, <m;—-1<A<1landk =0.

The cumulative distribution function (cdf) of sine-skewed von Mises distribution
with the pdf as given in (1.3) can be written as

Foum (601) = (n +6,)+2 Z 51n(]91) + IR (e'k — ekcosel)
(2.3)
where
kJ ad i
. —1<6, <
k) = ( ) ZO{( ) (u(] m 1)'>} msb=m
l=
—1<A<1l,andk =0.
1, f(0)
We have k = 1 o
The mode is obtalned by solving the equatlon fva(e Ak)=0.
Now,
d ekcosG
— | — (1 i =
70 ano(k)( + Asinf) 0,
implies
kA(sin8)? — Acos@ + ksinf = 0. (2.4)
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Thus, the mode is a solution to the equation in (2.4) above. The distribution is
unimodal. Furthermore, if for any fixed k the mode of Fg,p (6,4, k) is até,,
then the mode of Fg,,, (8, —4, k)will be at —8,. The following Table gives the
mode of F,,,, (6,4, k) fork = 1,2 and 10,and A = 0.1 to 0.9.

Table 2.1: Mode of svM(6, A, k).

k 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

1 0.0987 | 0.1904 | 0.2709 | 0.3393 | 0.3968 | 0.4450 | 0.4855 | 0.5199 | 0.5494

2 0.0497 | 0.0978 | 0.1429 | 0.1842 | 0.2216 | 0.2550 | 0.2840 | 0.3109 | 0.3314

10 0.0010 | 0.0199 | 0.0297 | 0.0394 | 0.0488 | 0.0479 | 0.0668 | 0.0753 | 0.0835

From the table, we find that for a fixed k, the mode increases with A and for a
fixed A, the mode decreases with k.
If the random variable 6 has the pdf as given in (1.3), then

2] k cos 6,
E(8) f 28 (14 Asin6,)d6,

= 2mly(k)

kcos6q 918 cosf1

Io (k)
11' ekcosfq

- (Io(k) + 233 1-(k)605191)d91 HEOF 2nl (k))

—T 27, (k)

A 2w
= m(-TE k+710(k)>

1 2
“I® (e7k = 1o(k))

2 L ek

ERANRA0)
We define thep®™ circular moment @, of random variable 6 with pdff (@),
with—7 <6 <m asp, = ffneipef(e)dﬁ.

= fn' 6ie
T 2mly (k)

o, +1[" 2

sin 8, d6;

ekcosb1

_f T 21l (k) do,

It is known (see Jammalamadaka and SenGupta (2001)) that if ¢, (k) is
the p*" circular moment of von Mises distribution with pdf as given in (1.2)
and @, (k, Dis thep®"circular moment of the sine-skewed von Mises distribution
with pdf as given in (1.3), then ¢, (k, 1) and ¢, (k) are related. Specifically, we
have

A
0o ) = 90 + {1 () = 042 (O}
Here
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« T fek T fek
op(k) = [ elPd = Ty d9 and @, (k, 1) = [__ el = T (1 + Asin 0)d6.

3. Characterizations

We shall now derive the two characterizations of the sine-skewed von Mises
distribution. We will need the following two lemmas for the characterization of
the sine-skewed von Mises distribution by truncated moment.

Assumption A

Let 8 be an absolutely continuous random variable with cdf F(6,)and
pdf £ (6;).Define a = in f{6,|F(6,) > 0} and B = sup{6;|F(6,) < 1}. Assume
that E (6) exists and f(0) is differentiable.

Lemma3.1: IfFE(6|6 < 6,) = g(6,) iiglg, where g(6,)is a continuous
1

differentiablefunction in a < 6; < [, then
102 g [ 2 200)
=cex _,
P 9(0)
where c is determined by the condition ff f(6,)do; = 1.

f(61)

TRy where

Lemma 3.2: Under the Assumption A, if E(6]60 = 6,) = h(6,)
h(8) is a continuous differentiable functionin ¢ < 6 < g, then

6+ h'(0
f(6) =cexp <— -;T)()de)

where c is determined by the condition fff(@) do = 1.

The proofs of these two lemmas are given in Shakil et al. (2018) and hence
omitted.

The following two theorems give the characterizations of sine-skewed von Mises
distribution by truncated first moment.

Theorem 3.1: Suppose that the random variable 6 satisfies the conditions given

in Assumption A, with pdf f(68), cdf F(8),a = —m and B =m. Then
E(816 < 6,) = g(8,)1(6,), where
f(61)

") =%,y
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2mly (k)p(61)
ekcosbi(1 + AsinB,)

g(0,) =
and

or—m*, ZI(k) ~6,sin0 0, -
yp I (k) 1Sln 1 ] COS] 1~ ]2

A A0, + m)
2kmly (k) 2km

A ® 1
+—Z I;(k)—sinjo
kmlo (k) £aj=1 ]( )J I

p(6,) =

(ne‘ + Qlekc"sel) +

if and only if 6 has the sine-skewed von Mises distribution with pdf f, (6;) as

kcos6;

fo(01) = 2711—0(k)(1 + Asin6,),

—n <60, <m—1<21<1and kis any real number.

Proof: Suppose that
kcos@

f(@) =2n1—0(k)(1+/151n9),

then

ek cos

01
FICHYICH f_n em(l + Asin 8)d6

6, gekcose

d9++/1f ——~sinf df

6, Qek cos 6
f - Zﬂlo(k)

—r 2mlo (k)

Qekcos 6> 61

6, 9

01 ek cos @
+4 j Zklo (k) %2
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2-n2 1 1 1 (=1 6, + 1)
T+mz;lj(k) ]—,9151n91+j—2c05101— 7 + 1 e
]:
s Zw 100 S sin jo
—_— i —Sin
Kl (k) Lajey 70 5

A
- -k k cos 6
2krly (0) (Tre + 0,e 1)

p(6,), say.

Thus,
o) 211y (k)p(6,)
g9(6, ekcosfi(1 + Asinf,)

Next, suppose that

_ 2mly(k)p(61)
9(0,) = k cos 6 ; :
e 1(1+ Asinb,)
Then
2nly(k)p(6,) Acos 6,
"(0,) =6, — —ksin@, + —— 1
960 =6 ekC0591(1+Asin91){ st 1-I_1+/1sin91}
=0 (9){ L }
T T N TS T T T T sin G, S
Hence,
6,—g'(6 Acos@
4 J 9 6) = —ksinf; + ——— L
g(61) 1+ Asin6,
By Lemma 2.1
(0 Acos@
(60 = —ksinf; + ———————— !
JACH) 1+ Asin6,

On integrating the above equation with respect to 8,, we obtain

£(6) = ce®c°s9{1 + Asin 6},
Using the condition f_”nf(e)de = 1, we obtain

kcos@
fo) = 211y (k)

{1+ Asin6}.
Theorem 3.2: Suppose that the random variable 8 satisfies the conditions of the
Assumption A with ¢ = —m and § = . Then
2mly(k)h(6:)
E@6=6,) =
(616 = 61) ekcosbi(1 + Asin ;)

r(61),
where
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_ f6y)
r(el) - 1— F(el)
and
2y (k){E(0) — p(61)}
h(6,) = kcos@ ;
e 1(1 + Asin6,)
if and only if
kcos@
f(@) = TING {1+ Asin6}.
kcos®
Proof: If the pdf of the random variable 8 isf (6) = ;ﬂ © {1 + Asin 6}, then
0

F(0)R(6,) = f 0 (0)d0 = E(6) — p(6y).

61
Thus
_ 2mly(k){E(8) — p(61)}
h(6,) = kcosO i '
e 1(1+ Asinb,)
Next, suppose that
21l (){E(0) — p(6,)}
h(6,) = kcos@ i !
e 1(1+ Asinb,)
then
6 = ZHhOIEC) b, Acosty )
h'(6) = —6;— ekcosbi(1 4+ Asin6,) ~hesinfy + 1+ Asin6,
= =0, h(8,)(—ksing, + Acos6, )
- 1 1 it 1+ Asin6,/
Hence,
61+ h'(6,) _ Acos 6,
TRy M T ey
Thus by Lemma 2.2, we have
"9 Acos@
Q = —ksin6, +—L
£(6,) 1+ Asin6,

On integrating the above equation with respect to 8,, we obtain
f(6) = cekcos9(1 + Asin6).

Using the condition f_”ﬂf(@)d@ =1, we get

kcos@

fo) = 211y (k)

(1+ Asin@).
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4. Concluding Remarks

The characterization of probability distribution plays an important role in
probability, statistics and other related fields. Before a particular probability
distribution model is applied to fit data in the real world, it is necessary to
confirm whether the given probability distribution satisfies the underlying
requirements by characterization. A probability distribution can be characterized
by various methods. The characterization of probability distribution by truncated
moments is one such method. It is hoped that the findings of the paper will useful
for researchers in probability, statistics and other sciences.
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