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ABSTRACT

In the present paper, the smoothed estimators are proposed for estimating
mixing proportion in a mixed model based on independent and not
identically distributed (non-iid) random samples of the existing estimators
proposed by Boes(1966) - James(1978) called BJ estimator here and which
was constructed for estimating mixing proportion based on independent
and identically distribution random samples. The proposed smoothed
estimators are based on known “kernel function” as described in the
introduction. The following results of the smoothed estimators are studied
under the non-iid setup such as (a) its small sample behavior is compared
with the unsmoothed version (BJ estimator) based on their mean square
errors (MSEs) by using Monte-Carlo simulation and established the
percentage gain in precision of smoothed estimator over its unsmoothed
version measured interms of their mse. (b) its large sample properties such
as almost surely (a.s.) convergence and asymptotic normality of these
estimators are established in the present work.

1. Introduction

Let X, X,,....X, be a sequence of independent and not identically distributed
(non-iid) random variables with continuous distribution functions {F(x), 1<i <
n} and let H(x) be a continuous cdf of mixture of component cdfs Hy(x), ...,
Hn(x) (m> 2) such that

H(x) = Z7% pH; (%) (1)
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where {p;; 1<5j<m} is a set of mixing proportions satisfying (i) 0<p;<1 (ii)
Yiip; = 1 Let Hy(x) = n 'YX, F(0)— H(x) as n —co and Hj(x)=
n;~1 Zlei(X) — Hj(x), nj—o, j= 1, 2,...,m, H(x), Hj(x) are unknown
distribution functions. The problem of nonparametric estimation of mixing
proportions p; in a mixture (1.1) of m=2 unknown distributions H;(x) are
investigated based on independent random samples of sizes n, n; generated from
the fixed design regression models,

X; = Bti +e, 1< i<n, El‘“‘lldF(X) (12)

in = ﬁ]t]l + Eji’ I<i< le,j = 1, 2,...,11’1, EU“‘lld F}(X) (13)
where B’s and t’s are known reals satisfying the model conditions
Bj>0, X% t; =0and - % t? = o(n™!) (1.4)
Note that, t; is the known real value of i"" observation and is taken as t; = # i
=+1,+2,...,+n, 8> % fulfill (1.4) and H,(x) =n"1 ¥, F;(X) = F(X) + O(%Z t?)
+...=H(x) +o(n™") and Hy,(x) = n; Z:Zl Fji(x)=H;(x), j=1,2 as nj—oo.

The applications where finite mixture distributions describe mixture populations
for non-i.i.d. sequence of variables are given below:

ot Distribution function
Area Characteristic X;; stribution functio

Fji(x)
Survival life time of components produced by | Life time distribution of
Analysis i™ machine operated by ;™ foreman. various products
. weight for age/height, age/ weight for | Distribution of weight
Nutritional . i - o . h
. height of i"" infant of j™ origin or for age/height of i
Studies .
group. infant
- - .th -th - - -
Fisheries Fish length or We_rlght of i age of j _ Distribution ot]; _
fish. weight/length of i™" fish
. Degree of satisfaction i" customer due | Distribution of degree of
Automobiles th . . .
to j service type customer satisfaction
. Time taken for treatment of i" patient Distribution of_tlme of
Hospitals treatment of different

by j™ type of treatment

patients
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Frequently, the collected data are not from a randomly selected sample, but rather
from patients, customers or other objects as they come in for service during a
certain period of time. These samples are non-i.i.d. For instance, suppose a car
dealer has collected data on the degree of customer’s satisfaction and on the
period of trouble-free time from all his customers for a given year. Obviously,
the dealer has ignored several variables on the customer side, such as the driving
habit. Other such non-i.i.d. examples are: Data collected from patients over in a
period of time, patrons of a particular restaurant, and viewers of a certain show,
etc.
In these examples the average population is not a well-defined fixed population
but, for a large sample size n, it can be viewed as the representative population
pertaining to an ‘average’ patient or customer. We present here another example
of a non-i.i.d. situation in sample surveys where the average population is
actually the population of interest. Consider a survey designed to obtain the
national average such as mean/median of a variable X such as the real-estate
price, annual income, auto insurance charge, etc. For logistic reasons, suppose
the data are collected state or country-wise and are put together to estimate the
national average. If the regional sample sizes are proportional to the
corresponding regional population sizes, the average population corresponding to
the combined sample is exactly the same as the national population average.
The mixing model with two component populations becomes,

H(X) = pHi(x) + (1-p)H(x)
Here X; is the characteristic with distribution function F;(x) assuming

Fo(X) = n'Y™, Fi(x) = Hy (x)— H(x)
Fin(X) = 0¥, Fii(x) = Fljn(x)—> Hj(x) as n—oo

and according to Hosmer(1973) model I, n, n; and n; are independent random
sample sizes from mixed and component populations selected in such a way that
n = ng+ ny with ny = [pn], np = [(1-p)n], 0< p <I.
For more details of such examples reader is referred to Choi and Bulgren(1968),
Harris(1958), Blischke(1965), Fu(1968-Pattern Recognition), Vardi et al (1985-
Pattern Recognition), Clark(1976-Geology), Macdonald and Pitcher(1979-
Fisheries), Odell and Basu (1976-Remote sensing), Bruni et al(1983-Genetics),
Merz(1980-Physics) and Christensen et al(1980-Nuclear Physics) etc.
i.i.d case:

The mixing proportion model for iid case is

F(x) = pG1(x)+(1-p)G2(X) (1.5)
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where F(x), Gj(x); j=1,2 are cdfs of mixed and component populations
respectively. The following estimator is studied in the literature.

Boes-James (BJ) estimator: Let F,(x)= n~1 Y™, I(X;<x) be the empirical
distribution function of a random sample X;, 1<i<n from a mixture (1.5) of two
known component d.f.s G;; j=1,2 as Boes (1966) proposed estimator

ﬁn(x)_ Gz(x) (1 6)

Pr1X) =5 o6,

and shown it is a minimax unbiased estimator and derived the Cramer-Rao lower
bound. James(1978) considered the problem of estimating the mixing proportion
in a mixture of two known normal distributions. He studied the simple
estimators based on (a) the number of observations less than a fixed point r, (b)
the numbers less than s and greater than t, and (c) the sample mean. Van
Houwelingen(1987) used Boes estimator to estimate the mixing proportion by
using frequency densities and obtained the Cramer-Rao lower bound.
Jayalakshmi(2002) used Boes-James estimator of Hosmer(1973) model |
sampling structure based on kernel based empirical distribution function F,(x) =

- X— Xj
n 1 ?=1K i
an

components are known.
As pointed out in Hall (1981), methods based on nonparametric density
estimators involves some significant draw backs in their use in the field of
estimation from mixed data such as
o specification of window width in kernel based estimators and their
behavior is very sensitive to the choice of window width parameter and
e their mean square errors converge at a slower rate than order n=1 .

) and established smoothing improves efficiency when the

To avoid these draw backs, Hall (1981) proposed nonparametric estimators of

mixing proportions in a finite mixture based on the usual empirical distribution

functions.

In the present work, we propose new kernel based estimators, called smoothed

nonparametric estimators of mixing proportion p in a mixture of two unknown

component distribution (1.1) and established their superiority over those

estimators, called the unsmoothed ones based on the usual empirical distribution

function. Further, in order to overcome the above drawbacks

o identify a method of ‘optimal’ choice of band width, which is crucial, in

the sense of minimum mean square error of such smoothed
nonparametric estimators and
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e establish the convergence of mean square errors of proposed smoothed

estimators at the fastest rate of order n™1.
we extend the idea of estimation of mixing proportion p in two directions:

e Component distributions are completely unknown and estimators thus
proposed are nonparametric in true sense.

e The proposed nonparametric estimators are based on independent, but
not identically distributed samples generated by the fixed design
regression models described by (1.2)-(1.4).

The main object of the present paper is to confine attention to m=2 case in the
model (1.1) and to construct nonparametric estimators based on the usual
empirical and kernel based empirical distribution functions defined by

Fo() = 0 S 10X < %), i) = 7t 52 1% < %) (L.7)
A=t S, KE), A= ny 57, KES0), j=12 (18)

{a.} being the smoothing sequence satisfying 0< a,, —0, na,, —o0 and proposed
as follows:

A. Unsmoothed estimators of p: The proposed BJ type unsmoothed estimators
of p based on the empirical distribution functions are defined, for fixed x=x,, as

Hyp (x0)— Hz(x0)

ﬁn("o)— ﬁ2(750)
Hy(x0)— Ha(x0) '’ (19)

Pna(xo) = Hy (x0)— Hz(x0)

Pn1(x0) =
B. Smoothed estimators of p: The proposed BJ type smoothed estimators of p
based on the kernel functions are defined, for fixed x=x,, as

Hy, (x0)— Ha (%)

I’:In(xo)— I’:Iz(xo)
Hy(x0)— Ha(xo) ' (1.10)

Pn,2(%0) = Hy (x0)— Hz(x0)

Pn,z(xo) =
and study the small sample as well as large sample behavior of proposed
nonparametric estimators. The results of the present investigations for the non-
i.i.d. sequences are completely new in the literature, even in i.i.d.case as well.

In section 2, the asymptotics of certain empirical distribution functions defined
therein are established which are utilized in later sections. Further, In section 3,
a.s. representations of both nonparametric estimators of p and the main results
concerning the asymptotics of present paper such as i) exact mean square
errors(MSEs) ii) rates of a.s. convergence and iii) asymptotic normality of the
nonparametric estimators are established. In section 4, the crucial choice of
smoothing parameter ‘a,’ in kernel based estimator p,, ,(X) is discussed and its
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value is determined by employing minimum mean square criterion. Comparisons
of both estimators based on their MSEs are made and established the superiority
of smoothed one over the unsmoothed version in section 5. The simulation work
is undertaken by Monte Carlo methods, established superiority of smoothed
estimators empirically over unsmoothed ones in section 6 and comments are
appended in section 7.

2. Asymptotics of Certain Empirical Functions

In the present section, we study the asymptotic behavior of certain empirical
functions which are very much used in establishing the main results of the
present paper. Firstly, define

Zn(0) = () — E Ay = T2, [K (5 - E K]

an

=0 I, Z5(%) (2.1)
and study its asymptotics in the following.

Lemma 2.1: Assume the conditions on {F}, the kernel function k and the
bandwidth sequence {a.} given below:

Al: i) Fi(X) is uniformly continuous distribution function with finite
q" derivatives F{®(x) <o, 1 <i<nand

B9 == S F®(x),q=246
i)  Hyx)=n"Y%, Fi(x) - H(x) as n—o
All: i) The kernel function satisfies p,;(K) = [t dK(t) # 0 and
wi(K)= [~ 0 dK(t) =0 for j=1,3,5...
i) Pi(K) =2 [~ KKt <0,j=0,1,2,3
Alll: {a.} is a sequence of bandwidths such that
i) 0<a,|0;na,—>owasn—
ii) nat — 0asn— o
then

2) An(X) = Var () = An(x) - 2 - 22 10 (<) + O
b) ba(X) = E Ap(0)— Ha(0) = 2 H, P (K) + 2, (0ua(K)
| +o(ag)

~ 1
¢) An(¥) = O(<E%): as.
Hp(x)(1- Hp(x)) v,
n

where 1,,(x) = F(X) =7 X (Fi(X) - Hu(x))* >0
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Proof: From (2.1),
NA,(X) = nVar A,(x) = Var(n=/2 ¥, Z,,(x))

=" S EKES - EKCEN?

= Y {E K Xl) E? K(" =)}

=S LX) - (9] 2.2)
I;(x) = E K?( ”‘) TK? (%27 dFi(w) = [ Fi(x-a:)dK’()

= F()ldK*(t) - F(l)(x)anftdKZ(t) + ‘;f;F AeoltdK3(t)
- BEOGOICIKAE) + SR O0dKAY) + o(ak)

= F09 olK) ~ aF1 ) () Pu(K) + 2 FO) oK) - 2FO(x)
Pa(K) + 2 FO() u(K) + o(a) (2:3)
where 1,(K) = 2f_ooK(t)dK(t) 2f y dy = 1 while
Li()= EK(2) = [ Fi(x - ) dK(Y)

={F (0 + DFROK) 17 KO + BFOK) 17 ¢ dK(D) +
0@’} =F(0+ L ED0) up(+ 2 EP) uy(K) +0(ad)  (24)
From (2.3) and (2.4),(2.2) becomes,
N800 = 0™ TI {F, () - an BP0 (K) + 2 EP () (K) - 2
ED(3(€) + 2 ED (0, (K) + 0(a)]
—(Fi0) + 2 ED () 1 (K)+ 2 FD(x) g (K) + 0(ad)}
=n7lyn F(x)(l Fi(X)) - anH<”(x)¢1(K>
+an{2 A2 00 %2(K) - 71 B F R 00 (K)3H
% AP x5 (K)
at {5 A 00u3(K)- = ALY (0wa(K)} + o(ak/n)}
where n~1 {‘1F(x)(1 F;(X))= E,(X) - E2(X)— (n‘1 " FA(X) - E2(X)) =

H, (x)(1-Hp, (X)) - Vnp(X)
so that

n(X)_ Hn(X)(l Hn(X)) Vnr(x) _Qn H(l)(X)ll)l(K)‘l' _nnZ +0(a /n) (2 5)

n

where 1,5 = £ 00 s (K) - 0™ X, FOOR 000 K

An(¥) = E Z2() = A(x) - 222 4 7Oy () + O
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which proves part a. Further to prove part b, by definition

XXL

n(X) EHn(X) Hn(X)'—ZEK( ) Hn(x)

= %z [ Fi(x - agt) dK(t) - Hp(X)

=1 S R0+ BRO 7 2dKO) + DRG0 7 cdK() +
O(an4)} - Hn(x)
TR 7 (4
=2, D 00u2(K) + 2 7, (s (K) + o(ay’)
yielding
_a 7 (@ ah 7 @ 4
bn(X) =5 Hn " (2 (K) + 2 Hy, " (X)ua(K) + ofan’) (2.6)
which proves part b.

In order to prove part ¢ relating to the rates of a.s. convergence of 1,,(x)
as n —oo, from (2.1) we have,

An(X) =7t TI Z3i(X) = Zpa(X)

= E (22,(¥) = Fi()(1-Fi(¥)) - anF® ()1 (K) + O(a2)

. _F: (1)
AR ZFl(x)(; Fi() _ anwl(K)nzﬂ ™ 4 0(a2)
= H(})(1- H, (X)) - Vip(¥) - @ ()03 (K) + O(a2) = C < oo
By applying Bernstein (1946) inequality to {Z,;(x)} with M = 2,

nt2
P(n™' XiL1 Zoi(x) > ) <exp (-2 Zzt @)
3
By setting t = (m%ﬁ
n4Clogn
RH.S. of (2.7) = exp [-W]
n4Clogn
zexp[-———1]
c+ 32C(4l°gn) )
—-2logn
=exp [
1+ 2 (183

=n~2 for sufficiently large n.
= Y1 P(Zna(x) > t) < T yn™? <o

By Borel — Cantelli lemma, we conclude that Z,,, @.s. O(lo%)l/2 as N—o0
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A . N
2a(X) = Zup() TS 022112

Similarly, define 4;(x) = H;(x) — E H;(x), b;(x) = E H;(x) — H;(x), j=1,2
Corollary 2.2: Under the conditions of Lemma 2.1,
i A(x) = Var 4i(x) = 4(x) - "J‘F—(’" = H.(U(x) Di(K) + O(i—’jf)
i, b (0= B 0y <)+ 2 (‘” (X)M4(K)+ o(a3)
i, buy(X) = by(X) - by () = 2 [Hn(”(x) - B, ()2 (K)

+ 317, W) - B 00Tua (K)+

o(az)
iV.  bya(X) = by(X) - bp(x) = O(az)

. 1
v.  X(x)=0(%EN):as.

J
H;(0(1- A;(x))
—

where for j=1,2, A;(x)= Vip(¥)=n,; "1 T (F: (X)-H; (X)) > 0

Proof: Proof follows exactly on the similar line of argument as for Lemma 2.1.
Further, define 4,,(x) = Hy(x) — E Hy(x), 4;(x) = H;(x) - E H;(x), j=1,2

Corollary 2.3: Assume the uniform continuity on {Fij(x)}. Then

i Var 1,(x) = A,(x) - 222 = Mn

n n

i, Var ;(x) = 4(x) - "’F(’“) _,j-12

i, 4,00 = O( °fl”)z as.; Aj(x) = 0(£): as.
J

Proof: The result follows by adopting the similar line of argument as in the proof
of Lemma 2.1.

3. A.S. Representations to p,, »(x) and P, 1(X)

In order to establish the asymptotics of p,, ,(x) and p,, ;(X), first we obtain their
a.s. representations in the following results.

Theorem 3.1: Under the conditions of Lemma 2.1, with probability 1,
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ﬁn,z(x) -p= d12_1(x)bn2(x) + 7\Wn(x) + €n

where T,(x) = di ™ ()l (x) — (1 - P)A2(3) - pAL (], €n = - dip 2(L(1-P)AZ(X)
-pAZ(x)] + O(E™)

d4,(X) = H;(X) - H,(X) and b,,»(x) as defined in Corollary 2.2.
Proof: First consider p,, ;(x) given in (1.10) and let Dy(x) = H;(X) - H5(X)
Then, Dy(X)Pn,2(X) = Hy(X) - Hz(x)

= Hp(x) - E Hy(X) + E Hy(X) - Hy(X) + Hp(X) — H(X)

+ H(X) - Hy(X) + Hy(X) - Hy(X) + Hy(x) - E Hy(x) + E
H, (%) - Hy(x)
= An(X) - 2200+ by(X) + T (X) + pdy2(X) - T2(X) - b2(X)
= An(X)- 2200+ bpz(X)+ Tna (X)+ pds2(X)
=1 1n(9)- 4200+ Cr(x) (3.1)
where 1,() = () ~ HGO, 7700 = () - B0 1212, 700 = 70(09- 7,0%),
di2(X) = H{(X) - Hy(X), Ci(X) = bpa(X) + T,2(X) + pdy2(X) and further, we have
asin (3.1)
Dy(x) = Hy(x) - Hz(x)
= Hi(x) — E Hy(x) + E Hy(X) - Hy(X) + H{(X) — Hy(X) + Hy(X) -
Hy(X) + Ha(X) - Hy(X) R R R
+ Hy(X) - E Hy(X) + E Hz (%) - Ha(X)
A1(X) - A2(X) + by (X) + 74(X) + d12(X) - T2(X) - bo(X)
= 11(X) - A2(%) + b12(X) + T12(X) + dy2(X)
=1 A1(X) - 2(X) + D1o(X) (3.2)
where by;(X) = by(X) - by(X), T12(X) = 71(X) - 72(X), D1a(X)= b12(X) + T12(X) +
dq2(X)= dq2(x) + O(az)
From (3.1) and (3.2),
Pn,2(X) = Dy~ () (An(X) - 22(X) + Co(X))
= (An(X) - 15(X) + Co(x))[A1(X) - 22(X) + D12(x)]*

= D1y (AR (X) - () + CiOO][ 1 - 220y (3.3)
Dj5(x)
A~ ~ 7 -7 7 _ 7 2
= D1y (0UR0) - 2200 + C00] [1 + 2P0 4 Gy
12 12
= Tp1(X) + Tra(X) + Tps(X) (3.4)

From (3.1) and the regression condition (1.4)
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Tu1(X) = d1z ' (X)[An(X) - A2 (X) + bpa(X) + pdy2(X) + 0(n~1)]
o D2® | 2 =2, -1
* d12(%) * dy2(x) * O(n )

Tna(X) = dy2 () [An(X) - A2(X) + bya(X) + pdy2(X) + 0(n~H)](A5(X)- 41(X))

= % +di2 2 () [br2 (0 (A2(X) - 4, (X))]

+dpp 2O (022(X) - 20 (0 21(X) - 23(x) + A2() A1 (3]

1) -1 —2/ 08
= PO 100 43, 2 00R300 + e

where in view of Corollary 2.2,
&1 = di2 20 br2()A2(¥) - LX) + 1,004,(%) - 1,004, (x) +
A2 (X)A1(X)]
= O} (B2 v g5,
Tp3(Q) = diz > ()An(¥)- 1)+ bpa(X) + pdi(0+ o(n™H)A3(x) +
AF(X) - 24,041 (X)]

_ PR +2x)
d§2 (X) n2

where €n; = di C(OAn(0- 2200+ bra(@) + O IR + A(x) -
225(3)A1(X) = 2p22()A1 (X)]

T30} (EM) v (ER)
in view of Lemma 2.1, Corollary 2.2 and thus (3.4) becomes

Pr2() =P+ 223+ diy 00 12n(0 — (L - P)A(x) - pA1 ()]

—d12_2(x)[(1—p)7\% (X) - PAZ(X)] + €1 + €n2
= d1p " (b2 (¥) + To(X) + €, (35)
where €, = - di; 2(OUL-P)AZ(X) - PAZ(X)]+ €n1t €np and T,(X), byo(X) aS
defined in the statement.
Theorem 3.2: Under the conditions of Corollary 2.3,

Bna(X) - p = Ty(x) + OCED)
where T,(X) = di12 " ()[An () — (2 - P)A2(X) - P21 (X)]
Proof: The result follows by adopting the similar line of argument as in the proof
of Theorem 3.1 and using Corollary 2.3.
Asymptotics of p,,(X) and P, ,1(x): Now we consider the small and large
sample behavior of the nonparametric estimators p,, »(X) and p, 1(x) of mixing
proportion p in the mixing model (1.1) for m=2 by utilizing the results
established in section 2.
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3A. Mean square errors of P, »(x) and Py, 1(x): Now we establish the variance
and bias of p,, ,(X) to compute its Mean square errors in the following theorem.

Theorem 3.3: Under the conditions of Lemma 2.1,

i Var () = dip (O[AR(X) + (- P)*Ax(x) + pPA1 (X)] + O(a;%

L ba ;
i, BIaSpn'z(X)Z#EXX;+O(%

where Ap(X), Aj(X), bpz(X), di2(X) are as defined in Lemma 2.1 and Corollary
2.2.

Proof: From a.s. representation of p,, ,(X) in (3.5),
Dn2(X) =p + di2 " (X)bna(X) + To(X) + €,
In order to compute variance, first we consider,
E Pn2(¥) =P+ diz” (Qbn2(X) + ET,() + E €, + O(n™?)
Since E 4, (x) = E(H,(X) - EAL(X)) = 0 ; E A;(x) = E(H;(x)- EH;(x)) =0
E(An (042 (x))=Edy ()EA, ()=0,EA} (x)=EA3} (X)=EA} (X)=EAZ (x)=O(n %)
(3.6)

since samples of sizes n, ni, n, are independent and from Lemma 2.1 and
Corollary 2.3,

E $n200= P+ 723 - di 00[(1- P)A2(X) + pAL ]+ 0(n ) 3.7

Bias pn,2(X) = E Pn2(X) —P

— bna(® -1
= n2\®) ]
S O(n™) (3.8)

By Theorem 3.1 and (3.6),
d12*(QVar Py, 2(X) = E [Pn2(X) — E P2 (0T
=E [Tn(x) + (En -E En)]z
=ET2(X) + 2 E T,,(X)(€5, — E €,) + E(e,, — E €,)°

where E TZ2(X)= [E A2(x)+(1 — p)’EAZ(X)+ pPEAZ(X))]/dy2°(X) =[An(X)+(1-
p)2A2(X)+p2A1(X)]/d122(X)
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2 E To(X)(en — E €,) = -2d1, (XE[-(L - p)A3(x) - p*AF ()]=O(n~?)
E(e, —E €,)> = O(n=2) in view of (3.6), so that

Var by 5 (x)=ds, " ([An(X)*+(1 — P)*A2(X)+p*A1 (X)]+O(n~2) (3.9)
Now by definition of bias and from (3.7)

Bias” p,2(X) = (E Pn,2(X) —p)’

— bvzzz(X) -2
=23+ 0(n™?) (3.10)

Theorem 3.4: Under the conditions of Lemma 2.1,

2
MSE foalx) = 2205 + dia 200[An(x) + (19VA2(0 + p2As ()] +
o(n?)
where A, A; are as defined in Lemma 2.1 and Corollary 2.2
Proof: By definition of mean square error,
MSE ﬁn,Z(X) =Var ﬁn,z(x) + Bia52 ﬁn,z(x)
By Theorem 3.3,

MSE Po2) = i Z00IAR00 + (1-9)°() + A1 00)] + 2233 + O(n2)

= 2200 1 4, 20100 + (19 Aa() + P, (9] + O )

(3.11)
In the similar way the MSEs of p;, 1(X), pn,1(X) and p,,»(x) are derived in the
following Corollaries.
Corollary 3.5: Under the condition of Corollary 2.3,

MSE fn,1(X)= d12 ™ (})[2n(X) + (1-p)°22(X) + P21 (X))]

M] (x)

where 2,(x) = EAZ(x) = 222 (0 = EZZ(x) = 4(x) =

M;(x) are as given in Corollary 2.3.

, 1=1,2, M, (%),

The following result gives exact expressions for the mean square errors of BJ
type estimators py1(X), pnp2(X) defined in (1.9)-(1.10) when component
distributions are known under non-iid situations accepted to publish an article of
Ramakrishnaiah et al(2019).

Corollary 3.6:

h Hn 1-Hy Vi
MSE(p,, 1(X)) = di2(0)[ (x)[n )] F(x)]

n
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MSE( _ _a=2p0\[ % (D _an ()%, 2
Pn,2(X)) = MSE(py,1(X)) - diz ([ = Hy " ()1 (K) - —* Hy™ (uz(K)] +
O($n,0(X) a7) + o(az)
where V,z ()= 0 (Fi(X) - H(X))*>0, 11 (K)= 2 tKOK()>0, &50(X)=Hn(X) -
H(x)—0 as n—o
3B. Asymptotic normality of p,, »(x) and p,, 1 (x): We now consider the limiting
distribution of nonparametric smoothed estimator p,,(x) of p. By applying
Lyapunov CLT to the sequence {Z,;} defined in (2.1) of independent random
variables, we establish the asymptotic normality of p, ,(x) in the following
theorems.
Lemma 3.7: Under the conditions of Lemma 2.1,

i. VnAd,(x) L N(0,02)asn— o
where 62 = limy,_,., ™ X[ F; 0)(1-F;(¥)) - a7 (31 (K) + O(a2)]

i.  /nA(x) L N©Ogf)j=12asn —x
where o7 = limy, o0 ;™1 Z[ i (0)(L-F; ())- anFs Y () (K)+ O(a2)]
Proof: Note from Lemma 2.1 and Corollary 2.2,

() =n Y Zo, 12 <2 |||l = M < o0, 67 = Var Z;

sie = 512 = oL SIRK)A-E0) - anF 00 (K) + O(@)]

n
= Hn(})(1-Hp (X)) - Var(X) - an AP ()1 (K) + O(a2) <oo
In order to apply Lyapunov CLT to the sequence {Z,;}, consider the Lyapunov
condition

1

T ZRE |Zal? < - [ZRE 1 ZulPIn] = O( 55 ) —0 as noo
Now Lyapunov condition is satisfied, Lyapunov CLT to the sequence {Z,;}
holds.
i\ (8

n2
i e ﬂz‘? Z3i
Sn2 \/T_l

n g ——
i.e. % L N(0,0%)asn— oo

Sn ng?
as T; - (ZlT)l/z
i.e. vn 1,(X) LN (0,0%)asn — o
where 62 = H(X)(1 — H(X)) — V(X), V(X) = lim,_,c, Vpyp(X) = limy, 00 171 Y (Fi(X)
- Fy(x))* =0
similarly, it is easy to establish

L N(,1)asn— o

—0casn —>x©
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J A LN (0067, j=12asn; —
where o7 =lim, e ;™! [ Fi0)(L- Fii(X)- anFy" (s (K)+0(ad)]= H;(x)(L -
H;(x) - V;(x)) ; j=1,2
V() = limy, oo ;7L B (F(x) - F())*= 0
Corollary 3.8: Under the conditions of Corollary 2.3,
i, Vnd,(x) L N(0,t%)asn— o
where t? = lim,_, n™ 2 X[ F;(X)(1 - F;(X)]
i. /() L N(f),j=1,2asn; — oo
where tj2 = limy, 0 n; =t N[ Fii ()L - Fii(X)]
Theorem 3.9: under the conditions of Lemma 2.1,
Vn (B,2(X) —p) = N (0,V(X)) as n — oo
where V5(x) = di7(X) limpoo[n An(X) + (1 — p)?12A5(X) + p?n1A1(X)]
Proof: Recall from a.s. representation of p,, ,(x) in (3.5),

Pra00) —P =325+ dip T (O 00) — (1- P> (9 - pA )]+ OCER)

Letting ¢’ =di7()[1 —(1=p) —pl, Z'= [Vnd,(x) Vnody(x) Vinydy(x)]
=(zn 2 z)"
Vi (Bra¥) ~p) = 'Z+ O(ad V (E) (3.12)
From Lemma 3.7,
i) Z,=Vn(1,(x)
=Vn(Hy(X) - EA,(X)) L N(0, 6% as n —o
6° = limy, e N Var(d,(x)) = limy,_e NA,
ii) Z; =n; (H;(x) - EH;(x))
=Vn; (4;(x)) L N(O, 07) as n; —

sz = limy,_,o 1 Var(ij(x))

= limn_wo n]A]
Since n; ~ pn and n; ~ (1-p)n, the components of Z are independent and
asymptotically normal, then (3.12) becomes,

V(B2 —p) = ¢'Z + O(az V (E%) as. — N(0, V(X))
VZ(X) = limyo EI Xy C
nh, 1
where ¢'S,c=di7 [1 —(1—-p) —p] A, —(1-p)
nlAl _p
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=diz [nAy + (1 = p)°nphy + p?nyd\]
Applying Lyapunov CLT to the sequence of independent random variables, we
establish,
Vn (Bp,2(X) —p) = N (0, V(X)) as n — 0
where V,(X) = di2 limy,_,e [nA, + (1 — p)?nyA, + p2ngA]

Theorem 3.10: Assume the uniform continuous distribution functions {Fi(x):
1<i<n}. Then,

VR i () —p) d N (OVi(X) asn — o
where Vi(x) = dif limy e [0+ (1 = p)?nada(X) + p?nids(X)], nin(x) =
Hy(X)(1 - Hy(X)) — Vap(x) and n2;(x) = H;(})(1 - H;(x)) — Vo, (X); j=1.2, (%),
Vn].(x) are defined in Lemma 2.1 and Corollary 2.2.

Proof: The result follows by adopting the similar line of argument as in the proof
of Lemma 3.7 and using Corollary 3.8.

Corollary 3.11: Under the conditions Al — Alll on {F;}, the kernel function k
and the sequence {an}

where 72 = limn_)oo[Fn(x)(l — Fn(x)) Vir )], Vi () = 0 2(Fi(X) - Fa(x))°
>0

Proof: On the similar line of argument as in the proof of Theorem 3.9 and using
Corollary 3.6, the result follows.

)asn—>oo

Corollary 3.12: Under the conditions of Lemma 2.1 on {F(x)},

Proof: The result follows by the similar arguments of the proof of Corollary 3.7
and using Theorem 3.10.

)asn—»oo

3C. Rates of strong convergence of p;,, »(x) and p,, 1(X): Now we establish a.s.
convergence of the nonparametric BJ type smoothed estimators p, ,(X) and
Pn,1(X) defined by (1.9)-(1.10) under non-i.i.d. setup in the following result:
Theorem 3.13: Under the conditions of Lemma 2.1 on {F;j(x)} and the kernel
function k,

1
ogn -
Tgl )z as n—oo

A — 1
Pn,2(x) —p a@.s. O(
Proof: Recall from (3.5),
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Dn2(X) -p = dy2 " (b2 (¥)+d1z " )[4, (X) ~(1 - p)A(X)- pdy (X))] + O(
logn a2 (logn))

(3.13)
Let T, = 4,,(X) — (1 - p)A,(X) - pA;(X) then
d15()(Br,2(X) ~ P) TS bna(X) + T, + OCED)
For any w,, >0,
(7] > 0] = |1, 0)] + (1 - p)|A2(®)] + p [11(X)] > @y
P(IT| > wn) < P42 (0] > ) + P22 (0] > 5725) + P (0)| > 32
(3.14)

By Lemma 2.1(c) and Corollary 2.2(v), we have, for w,, = O(l(’%n)m,
P(|T| > w,) <72

By Borel — Cantelli lemma,
T, = O(1°$)”2 a.s. as n—oo

1
i.e. 2 () — p TS O(“EL)z as n—oo

Corollary 3.14: Under the conditions of Corollary 2.3,

B (X) — p = O(2E2)"2
Proof: The proof follows exactly on the similar line of argument as for the proof
of Theorem 3.13.
Theorem 3.15: Under the conditions of Lemma 2.1,

as n—oo

logn

5 Pn2(x) —p =0(——)zas.
and by conditions of Corollary 2 3
i, pua(®) - p=0(* %y as.

Proof: The proof follows exactly on the similar line of argument as for the proof
of Corollary 2.3.
4. Optimal Bandwidth a,, o,

b

As mentioned in section 1, the selection of band width ‘a,’ in kernel based
smoothed nonparametric estimators of mixing proportion is very crucial and we
now a method obtaining the ‘optimal’ value for smoothing parameter ‘a,,” in the
construction of kernel based nonparametric estimator p,, ,(x) in (1.10). We select
the optimal ay, o, as that a,, for which MSE (p,, ;(x)) is the minimum. Solving
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the equation WSET’;;’"Z(X) = 0 for a,,, we have from Theorem 3.4 and Corollary

3.5,
i.e. M =d;,2(X)MSE py, 5(X)
— Mp(0)+(1-p)?Mp(0)+ p*My (1) _an

” 7: $na(X) + a%frzl,z(x)

oM

5ar = 0= 610 + 4a] £,

where from Lemma 2.1(a) and Corollary 2.2(i),
0,00 = AL 00 + 7= (Lp) A 00 + 2 PP 00T (K) > 0

En2(¥) =3 AP (x) - A2 (9]uz(K)
so that

_7 i) _
An,opt = [m ]1/3 /3 (4.1)

5. Comparisons Between The Estimators

We first compare the performance of proposed smoothed estimator p,, ,(x) with
Boes-James type estimator p,, ; (X), when H;(x), Hx(x) are unknown based on the
minimum mean square error (MSE) criterion under non-i.i.d. setup and establish
clear superiority of smoothed estimator in the sense of smaller MSE.
MSE P,,(X): From Theorem 3.4 and Lemma 2.1, we have as n — oo,
A2 (OMSE Paa(X) = bz (X) + [An(X) + (1-p)°A(X) + p*A1 ()] + O(n ")
Mp(0)+(1-p)* M)+ p°M; () an
n n
Ena(X) + andi () + O(n ™) (5.1)
where &, 1(X) and &, ,(x) are greater than 0 and defined in (4.1).
MSE Bin,1(X) = d12 2 (0An(X) + (1-p)A2(X) + p*A1(X))]

_ My () +(1-p)2 My (x)+ p* M, (x)
= ndZ, (%) (5.2)

From (5.1) and (5.2),
MSE pn2(X) < MSE By, 1(X)
If
21 (¥) > anén o (%) (5.3)
for finite values of n. Since both the terms in the above inequality are always
positive and na;; —0 for moderate values of n,
anfn,l(x) > na;lif%,z (X)
always holds.
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The percentage gain in precision of p,, ,(x) over p,, ;(X) is
MSE Pp,1 (X)— MSE P,z (X) X 100

MSE Pn,1 (%)

L R (0)- A éra ()

MSE P 1 (%)

1.€.

is always positive in view of (5.3).

X 100

6. Monte Carlo Simulation

A simulation study is carried out in the estimation of p by pn2(x,) and pn1(xg)
when two component distributions are unknown and are estimated by using
empirical distribution function and kernel distribution function for Normal and

Exponential populations. The procedure is given in appendix A.

Table 6.1: Simulation results of p,1(x) and pn.(x,) for different sets N of
sample size n=48 with p=0.5 and X, = -2.5, -1.5, 0, 1.5, 2.5 and 2 of Normal
distributions and X, = 1.5, 2.5, 3, 3.5, 4, 4.5 and 2 of Exponential distributions.

H1(X)=N(Bt1;,0.5%), Hy(x)=

H,(x)=Exp(2), H2(X)=Exp(3),

0=0. N(Btz:,32), HO)=N(BE.,(2. 151)?) H(x)=Weibull(1.25 k=0.5)
5 N = Dna(xg — MSE 1 p=0.| . = MSE —
PralXo)| Y [Pl Bl | EFFICIE| 5 Pna(xo)| Pnalxo) Boa(ta) | Pualg) | ETICIEN
n2l¥o) | pey 1(xp 2(Xo oy
10| 040 | 054 | 0015| 0007 | 55.69 0.841 | 0.404 | 00039 | 0.0022 | 43.90
50| 033 | 048 | 0021| 0017 | 19.20 0.854 | 0418 | 0.0063 | 0.0037 | 41.03
100| 034 | 048 | 0.020| 0018 | 10.04 0.855 | 0416 | 00063 | 0.0039 | 37.24
Xo=2| 200| 0.34 | 047 | 0.020| 0017 | 1555 |X0=2| 0855 | 0417 | 0.0063 | 0.0038 | 39.14
300| 034 | 048 | 0020| 0016 | 1861 0.854 | 0.417 | 00063 | 0.0038 | 39.78
00| 034 | 048 | 0020| 0015 | 22.79 0.854 | 0417 | 00063 | 0.0038 | 40.09
500| 034 | 048 | 0020| 0016 | 21.44 0.854 | 0417 | 0.0063 | 0.0038 | 40.28
10| 0426 | 0565| 0026 | 0005 | 8188 0.834 | 0313 | 00049 | 0.0028 | 42.949
50| 0438 | 0502 | 0.031| 0012 | 6138 0.843 | 0325 | 00072 | 0.0048 | 33.356
100| 0419 | 049 | 003 | 0015 | 4951 0.842 | 0323 | 0.0072 | 00045 | 37.448
70| 200] 0429 | 0482 | 0020 | 0017 | 4067 | *t 0843 | 0325 [ 00072 | 00047 | 35462
300| 0425 | 0485 | 0020 0016 | 4255 0.843 | 0325 | 00072 | 0.0047 | 34.758
400| 0424 | 0488 0020| 0016 | 4431 0.843 | 0325 | 00072 | 0.0047 | 34.407
500| 0.426 | 0.486 | 0029 | 0016 | 43.26 0.843 | 0325 | 0.0072 | 00048 | 34.176
10 | 02108 | 0.6042| 0013 | 0.002 | 82.33 0.744 | 0268 | 00172 | 00131 | 23.801
50 | 0.0841 | 0.2752| 0019 | 001 | 48.24 0772 | 0289 | 00202 | 00104 | 48313
7| 200] 0.0824 | 0.2502] 0018 0013 | 27.97 |*C% 0774 | 020 [ 00201 | 0.0104 | 48412
200| 0.0848 | 0.2504| 0.018 | 0013 | 30.94 0773 | 029 | 00243 | 00104 | 57.251
300| 00878 | 0248 | 0017 | 0.014 | 17.77 0773 | 029 | 00202 | 00104 | 48.347
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400] 0.0871] 0.2442] 0017 | 0015 | 1048 0772 | 0289 | 00202 | 0.0104 | 48.444
500| 0.0888 | 0.2447| 0017 | 0015 | 1052 0772 | 0289 | 00202 | 00104 | 48.417
10| 0328 | 0881 0.031| 0014 |54018 0.7645| 0.3013 | 0.0062 | 0.00256 | 58.68
50| 0331 | 0.803| 0.024| 0021 | 13019 0.7517| 031 | 00051 | 0.00392| 23.18
100| 0341 | 0821 0025| 0022 | 9.119 0.7508| 0.3079 | 0.0051 | 0.00366 | 27.76
X:=0| 200| 0332 | 0819 | 0027 | 0023 | 13553] %[ 0.7504 | 0.3069 | 0.0051 | 0.00352| 30.27
300| 0332 | 0.825| 0028 | 0024 |14153| | 0.7502| 03069 | 0.005 | 0.00356 | 29.24
400| 0334 | 0824 0027 | 0024 | 13058 0.7503| 0.3067 | 0.005 | 0.00356| 29.51
500| 0332 | 0823 0028 0024 | 13801 0.7503| 0.3067 | 0.0051 | 0.00363| 28.2
10| 0.286 | 0518 | 0.008 | 0.01023 | -28.74 0.7074| 0274 | 0.0064 | 0.0045 | 29.61
50 | 0271 | 0477 | 0.021 | 0.01549 | 26.35 0.7133| 02777 | 0.0057 | 0.0045 | 205
100| 0279 | 0458 | 002 | 0.01674| 16.52 0.7115| 0.2773 | 0.0057 | 0.0044 | 2347
*=1-200] 0285 | 0.473] 0.018 | 0.01550 | 11.33 xo=3| 07098 | 0.2776 | 00056 | 00045 | 2053
300| 0272 | 0478 | 0.017 | 0.01527 | 1229 | 5 | 0.7202| 02779 | 0.0057 | 0.0045 | 2142
400| 028 | 0477 0017 | 0.01523| 9.46 0.7104| 02785 | 0.0057 | 0.0045 | 2127
500| 028 | 0478 | 0.017 | 0.01552 | 9.74 0.7105| 0279 | 0.0058 | 00045 | 21.24
10| 0.395 | 0533 | 0.0155| 0.0074 | 52.15 0.6745| 0.1907 | 0.0082 | 0.0054 | 33.96
50| 031 | 050900235 0015 | 36.28 0.6706| 0.1927 | 0.0078 | 0.006 | 23.05
100| 0311 | 0505 | 0.0237| 0.0158 | 33.16 0.6729| 0.1924 | 0.0083 | 0.006 | 27.34
X°5=2' 200[ 031 | 0506 [ 00235| 0.0155 | 34.04 | ¥4 06741 01922 | 0.0086 | 0.0061 | 29.26
300| 031 | 0507 |0.0235| 0.0155 | 34.08 0.6745| 0192 | 0.0086 | 0.0061 | 29.68
400| 031 | 0508 | 0.0235| 00153 | 34.84 0.6747| 0.1919 | 0.0087 | 0.0061 | 29.95
500| 0311 | 0508 | 0.0241| 0.0156 | 35.58 0.6748| 0.1919 | 0.0087 | 0.0061 | 30.17

7. Comments

It shows when the component Normal and Exponential populations with
parameters respectively are N(Bt3;,0.25), N(Bt2;,9) and Exp(2), Exp(3) and weight
function has taken as empirical distribution function, the mean value of estimate
Pn1(Xo) and pna(Xo) is close to its actual value p. The simulation results show
MSE for nonparametric smoothed estimator is less than unsmoothed estimator for
different values of x, uniformly for all samples. So the smoothed estimator is
best estimator in terms of minimum MSE. The average gain in efficiency due to
smoothing is lying between 3% to 82% for different sets N of size n.

Appendix A

A simulation study is carried out to estimate mixing proportion p when two
component distributions are unknown and are estimated by using empirical
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distribution function and kernel distribution function. A random samples of sizes
n;=24 and n,=24 are generated from the two component mixture of the normal
populations with parameters (u;, i) = (Btu, Ptz) and (o7, o%) = (0.5%, 3% and
with parameters (6,,0,) = (2,3) for Exponential populations. The mixed sample
of size n = ny+n, = 48 is generated from the normal population with parameters
(0= pur* quz) = (Bt =pPtytqPtz) and  o* = (pof+qoy) and in case of
Exponential population, the mixed sample is drawn from Weibull population
with shape parameter k lessthan 1. Since Weibull distribution with shape
parameter k<1 arises as a mixture of Exponential distributions (Jewel 1982), the

samples of sizes n, n, n, are independent. Taking p=g= 0.5, f=0.1 and t;= + # ;
j =1, 2,6 =15 are selected in such a way that };t; = 0 and Ztiz — 0. The
present simulation study is to estimate nonparametric estimators such as pn2(x)
and P 1(xg) for x=x, at 2 and -2.5, -1.5, 0, 1.5, 2.5 are defined as follows.

IT{n(xo)— Ile(xo)

~ _ A _ Hn(xo)= Ha(xo)
Pra(¥0) = § G T, 0 N0 Pra(¥o) = Shre 2 re

ﬁ1(x0)— ﬁz(xo)

where H, (x,), FI]- (x,) are estimated by the usual empirical distribution function
such as,

Hi(x) = 5 2ty 106G <), B0 = 27, 10 < %), = 1.2

If I(X; < x), assign 1 other wise 0.

1

§ I (X S 20)= o NP2 (X < xo)

o T 1K S %0)= o Di2 1(Xai < xo)

pn l(xo) (7-1)

H,(xo), ﬁj (xo) are estimated by kernel functions defined as,
iy — nlymn Xo— Xj iy _ .1 Xl] —
Hixo) =0 Xi=y K(5_—) and Hj(xo) =y > ( ).j=12
Here we used Epanechnikov kernel function as K(u) = % (1-u?);ul<1.

The Distribution function of Epanechnikov kernel function is

x0— Xj x0— Xj

K("Oa;nxi)z [ k@dt=2 ™ (1-u?)du

o3 x0— Xj
__(u —_ 1’1

=5[M-1<T"i>3-(-1+§>]

4 an 3
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_3 X~ Xi 1 x—Xj\3 2
LI ihs )
Numerator = H, (xo) — H,(Xq)
R - X R - X
=n B KE) - np " N2 KU

-3 1 yn X=X 1 Xo—Xiy3 247 3 1 ¢n; pX—Xz 1
T4 n Z_ [ ap 3 ( ap ) + 3 ] 4 Nz Zi:l[ ap 3
(2 + 2]
S —ix——n YR (x3-3x3x+3x%xg-%)
Ty 0T X =1(Xo 0 Xi 0-

1
r1z Y2 (X3 -3x3%,+3X5X0 -X5;)
= [z - %)+ 57 (7 S xd - 0 S0+ 32 (0 "8, o - 0
YiLixf) "‘ (X X2)]
= E[af" aXp + azxg]
n

Denominator = H; (xo) — H,(xq)
e’ B KET g S, K2R

—3_ 1 yni Xo—Xii _ l “X1iy3 L 273 lyny pXo—Xpi 1
- n1 Zi=1[ ap ( ) ] 4 n; Zi=1[ ap 3
()3 +2]
=2 xRy — g I (x3 -3 x2 X443 X2 X - x3,)
4a, 4a, 433 i=1\40 0 A1i 1i 40 1i
3 3 _ 1 n 2 3
" Xot E X2t 3 ] ny Z-—Z (X3 -3%6%2i+3%5;X0-X5;)
=— [(Xz X1) tiz 322 (nl Lix3i-ny Z, 1X21)
n 1 X2 _ _
+ _121 (ny’ Zizzl X5 -0y YLy x$) + é (X1 -Xp)]
= i[bl"' b,x¢ + b3x§]
4a,
Buag) = At 22X ¥ asxe (7.2)
n, - .

bi+ byxg + bzx3

. _ 1 1 -1 _ 1 -1 -1
where a; =(x; - X)+ — (n Lixi - n2 YiZ1X31), ag = 2 (ny*%2, x5 - n

1
Yiixf), a3 = z(X Xz) b1 =(x; - X1)+ (n1 YL x5 -0y Z X21) b, = 2

(nz'lzi“il X5 - n1_1 L1 x§), bs —g(& - Xz)
The computational procedure is as follows.
1. Generate n uniform random numbers between (0,1).
2. Generate the cumulative distribution function of Normal and Exponential
distribution by taking different means and variances.
3. Generate the mixed normal and Weibull observations by taking different
means and variance.
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4. Calculate (7.1) and (7.2) by taking different values of Xo.
Generated the N=500 sets of samples of sizes n=48, n;= 24 and n,=24, so that
n=n;+n,. The unsmoothed and smoothed estimators p,1(Xo) and pn2(Xo) are
computed and compared their mean square errors. The no. of sets is ignored
when the value of p does not belong to 0 and 1. The results are presented in table
6.1.
References

Boes, D.C. (1966): On the estimation of mixing distributions, Ann Math Statist.
37, 177-188.
Blischke, W.R. (1965): Mixtures of discrete distributions, Collected papers
presented at the Int. Symp. Ed. By G.P.Patil, Oxford, Pergamom.
Bernstein S.N.(1946):The Theory of Probabilities, Gastehizdat Publishing House,
Moscow.
Bruni, C. et al (1983): On the inverse problem in eytofluorometry- Recovering
DNA distribution from FMF date, Cell Bio. Phys. 5, 5-19.
Choi, K. and Bulgren, W.G. (1968): An estimation procedures for mixtures
distributions, JRSS. Series B (Methodological), Vol. 30, No. 3, pp. 444-460.
Christensen, P. R. et al (1980): Gamma-ray multiplicity moments from 86 kr
reactions on 144, 154 at 490, Mev. Nuclear Phys. A 349, 217-257.
Clark, M.V.(1976): some methods for statistical analysis of multi-model
distributions and their application to grain-size data, J. Math Geol. 8, 267-282.
Fu, K.S.(1968): Sequential methods in Pattern Recognition and Machine
learning, Academic Press, New York.
Hall, P.(1981): On the nonparametric estimation of mixture proportions, J.R.
Statist. Soc. B, 43, No.2, 147-156.
Harris, C. M. (1983): On finite mixtures of geometric and negative binomial
distributions, Communications in Statistics -Theory and Methods, 12(9), 987—
1007.
Hosmer(1973) — A comparison of iterative maximum likelihood estimates of the
parameters of a mixture of two normal distributions under three different types of
sample. Biometrics, 29, 761-770.
James, I.R. (1978): Estimation of the Proportion in a mixture of two normal
distributions from simple, rapid measurements, Biometrics, 265-275.
Jayalakshmi, C. and Sudhakar Rao, M.(2002) — Estimation of mixing proportion
using smooth distribution function in two population mixture model, Aligarh JI.
of Statistics, Vol 22, 91-99.
Jewel, N.P.(1982): Mixture of Exponential distributions, Annals of Statistics,
Vol.10, No.2, 479-484.

125



Rama Krishnaiah, Y.S., Manish Trivedi & Konda Satish

Macdonal, P.D. M. and Pitcher, T.J.(1979): Age groups from size frequency data,
J. Fish. Res. Bd. Cano. 36, 987-1008.

Merz, P. H. (1980): Determination of absorption energy distribution by
regularization and a characterization of certain absorption isotherms, J. Comput.
Phys., 34, 64-85.

Odell, P.L. and Basu, J.P. (1976): Concerning several methods for estimations
crop acreages using remote sensing data, Commun. Statist. A 5, 1091-1114.
Ramakrishnaiah, Y.S., Manish Tridevi and Konda Satish(2019): On the
smoothed parametric estimation of mixing proportion under fixed design
regression model, accepted to publish in the volumes of Statistics in Transition.
Van Houwelingen, J.C. and Devries (1987): Minimax estimation of mixing
proportion of two known distributions, JASA, 82, 300-304.

Vardi, Y. et al (1985): A statistical model for positron emission tomography,
JASA, 80, 8-20.

126



