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ABSTRACT

Repeated measurements designs are widely used in medicine,
pharmacology, animal sciences and psychology. In these fields, there are
several situations where these designs should be used in different period
sizes. Therefore, in this article, minimal circular balanced repeated
measurements designs are constructed in periods of two different sizes
where period sizes are smaller than v (number of treatments). Catalogues
of these designs are presented for v up to 100, where 5 <p,; (odd)< 9, 2 <
p2< 8, and py > p..

1. Introduction

A repeated measurement design (RMD) is one in which multiple, or repeated
measurements are made on each experimental unit. The experimental unit could
be a person or an animal. Areas where RMDs are widely used include medicine,
pharmacology, animal sciences and psychology. A key feature of RMD is that the
effect which a treatment has during its period of application (its direct effect) may
persist into the following periods (residual effect). The choice of RMD must be
made in a way that the treatments can be efficiently compared after allowing for
the residual effects. It can be done by using balanced repeated measurements
designs (BRMDs). RMD is balanced with respect to the first-order residual
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effects if each treatment is immediately preceded A times by each other treatment
(excluding itself). For given v and p, a BRMD is minimal if A = 1.

Magda (1980) introduced the idea of a circular balanced repeated measurements
design (CBRMD) when proper balance for different effects is considered.
Afsaringjad (1990) presented some construction methods for BRMDs.
Afsarinejad (1994) gave an easy method of constructing minimal balanced and
strongly balanced RMDs with unequal period sizes. Using method of cyclic shifts
developed by Igbal (1991), Igbal and Jones (1994) constructed (i) efficient RMDs
with equal and unequal period sizes, (ii) Strongly BRMDs for two unequal period
sizes. Sharma et al. (2003) introduced a general strategy of construction of
BRMDs for odd number of treatments and their analysis. Igbal and Tahir (2009)
constructed CSBRMDs for some classes using method of cyclic shifts.
Igbal et al. (2010) constructed some first- and second-order CBRMD and circular
strongly balanced RMDs (CSBRMDs). In this paper, CBRMD are constructed in
periods of two different sizes where p, < p; <Vv. Bailey et al. (2017) constructed
universally optimal weakly BRMDs for p = v. Khan et al. (2018) developed some
infinite series to obtain circular weakly balanced repeated measurements designs
(CWBRMDs) for (i) v = 2mi+2, p = 2m, m (> 1) integer, (ii) v = 2m(i+1)-1,
p =2m, m (> 1) integer, (iii) v = 2mi+3, p = 2m, m (> 1) integer, and v = 2mi+4,
p =2m, m (> 1) integer. They also constructed CWBRMDs for (i) v = ri+2, i even
and p =r > 3 (odd), (ii) v = ri+r-1, i odd and p = r > 3 (odd), (iii) v = ri+3, i odd
and p =r > 3 (odd), and v = ri+3, i even and p = r > 3 (odd). Bashir et al. (2018)
presented procedures to construct CBRMDs for some cases. Rajab et al. (2018)
developed some infinite series to generate the CBRMDs in equal period sizes.
Rasheed et al. (2018) developed some infinite series to generate minimal
CSBRMDs in periods of three different sizes p; < p, < pa.

The rest of the paper is organized as follows: To construct CBRMDs, method of
cyclic shifts is explained in Section 2. In Section 3, some new CBRMDs are
constructed for v up to 100, where 5 < p, (0dd)< 9, 2 <p,<8.

2. Method of Cyclic Shifts

How a design is obtained from a given set(s) of shifts using Rule 1, is explained
here. For it, a design is obtained through set of shifts [3,4,9] for v=12 and p=4.
Take v subjects for set of shifts [3,4,9]. Assign 0, 1,..., v-1 to each subject in first
period. To get the elements of second period for each subject, add 3 (mod v) of
[3,4,9] to each element of first period for all subjects. Then add 4 (mod v) to each
element of second period for all subjects of third period. Similarly add 9.
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Periods Subjects

! 1 12 |3 6 |7 8 |9 |10 11 |12
1 0 |1 |2 5 |6 9 |10 |11
2 3 |4 |5 8 |9 10 (11 |0

3 7 /8 |9 |10(11(0 |1 2 4

4 4 |5 |6 |7 |8 |9 |10 |11 1

How a CBRMD is obtained for p; and p, from given sets of shifts using  Rule I,
is explained here.

Let S; = [Qu1, Q125 -+, Quany] and Sz = [Qa1, Uz, - -, Gop-1y] DE sets of shifts, where
1 <0gj<v-1, p=aand p, = b If each element 1, 2, ...,v -1 appears an equal
number of times, say A" in a new set of shifts S* then it will be CBRMD in
periods of sizes p; and p,. Here S* = [Q11, O12, ..., O1a-1)s Qo1 U225 ---» Qo(o-1)s V-
(Qutdizt ... +0ian) (MO V), V-(Gar+ ot ...+ op-ry (MOd V)].

Example 2.1. Sets of shifts [3,4,7,5]+[1,2] provide following CBRMD for v = 9,
p:=5andp,=3.

Subijects
1 (2 |3 |4 |5 |6 |7 |8 |9
01 12 23 34 45 55 67 73 80
3 |41 |5 |63 |74 |8 |0 |17 |2
73 84 05 16 27 33 40 51 62
5 [6g |70 |81 [0, |13 |24 |35 |46
15 26 37 48 50 61 72 83 04

10 (11 |12 |13 |14 |15 |16 |17 |18
0; |14 |25 |3 |47 |5 |60 |71 |8
1o 125 [32 |4 |5 [6s |76 |87 |Og
3t [4 [5 |64 [7s |8 |07 |15 |2

How a design is obtained from a given set(s) of shifts using Rule I, is explained
here. For it, a design is obtained through sets of shifts S, =[2,4,5,6] and S, =
[1,3]tforv=9, py=5and p, = 4.

Take v-1 subjects for set of shifts [2,4,5,6]. Assign 0, 1,..., v-2 to each subject in
first period. To get elements of second period for each subject, add 2 mod (v-1) of
[2,4,5,6] to each element of first period for all subjects. Then add 4, 5 and 6 in
similar manner.
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Periods Subjects
1 (23 |4 |5 |6 (7 |8
1 0 |12 |3 |4 |5 |6 |7
2 2 |34 |5 |6 |7 |0 |1
3 6 |7/0 |1 |2 |3 |4 |5
4 3 14|56 |7 |0 |1 |2
5 1 2|3 |4 |5 |6 |7 |0

Take v-1 subjects for one set of shifts [1,3]t. Assign 0, 1, ..., v-2 to each subject
in first period. For elements of 2™ period for each subject, add 1 mod (v-1) of
[1,3]t to each element of first period for all subjects. Then add 3 mod (v-1) to
each element of 2™ period for all subjects. Insert v-1 = 8 for all subjects of 4"
period.

Periods Subijects
1 |2 |3 |4 |5 |6 |7 |8
1 0 |1 |2 |3 |4 |5 |6 |7
2 1 12 |3 |4 |5 |6 |7 |0
3 4 |5 |6 |7 |0 |1 |2 |3
4 8 |8 |8 |8 |8 |8 |8 |8

How a CBRMD is obtained for p, and p, from given set(s) of shifts using Rule II,
is explained here.

Let Sl = [qlll iz, s ql(a—l)] and Sz = [q21, 22, ---» q2(b—2)]t be sets of ShiftS, where
1 <qgj<v-2, pp=aand p,=b. If each element 1, 2, ...,v-2 appears an equal
number of times, say A° in a new set of shifts S* then it will be CBRMD in
periods of sizes p; and p,. If at least one set of shifts is of type [q1, 02z, .., Gop-2)]t
then S* = [u1, Q12, ---» U1ga-1)y Go1s o2s - -5 Qo(o-2)s V-1-(Qua+Qrzt ...+ 0ary) Mod (v-

1]

Example 2.2. Sets of shifts S; = [2,4,5,6], S, = [1,3]t provide following CBRMD
forv=9inp;=5and p, = 4.

Subjects

spolaad

0 |1 2 |3 |4 |5
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3. Construction of CBRMDS in P, and P, By Rule |

In this section minimal CBRMDs are constructed in periods of sizes p; & p»
where p, < p; <V, using method of cyclic shifts (Rule I).

Series 3.1. Minimal CBRMDs can be constructed with p;=r & p, = 2, r > 1(odd)
for v = ri+2; i even with ' = 1 through the following i sets of shifts for p; and
one set for p,.

Si= [0 Oizs --qir-n]; §=1,2,...,0.  Sia=[V/2](1/2),

Where:

o 1 <qj, iz, ---» qJ'(r.l)SV-l but # v/2,

® Qs tQizt ...+ Qjr-y # 0 (mod V),

. S* contains each of 1, 2, ..., v-1 exactly once.

. S* =01, Uiz ---» Q-2 VI2, V = (Qja+Qj* ...+ gj-ny)mod V]

Example 3.1. Minimal CBRMD is constructed for v =12 in p; =5 and p, = 2
through the following sets of shifts.
Sl: [4’5’719]’ SZ: [1121318]1 SSZ [6](1/2)

Table Al, A2, and A3 in Appendix A consist of designs constructed
from the  Series 3.1, respectively in (i) p1 =5, p, = 2, (ii) p1=7, p2 = 2, (iii) p;
=9,p,=2for v<100.

Series 3.2. Minimal CBRMDs can be constructed with p;=r, p, =2, r > 3 (odd)
for v = ri+3; i even with A = 1 through the following i sets of shifts for p; and
two sets for p,.

Sj = [qil, dj2, ---,qj(r-l)]; j = 1, 2, ey i. Si+1= [(V-l)/Z],

Where:

o 1<qj1, Y ---» Gjr-1) < V-1 but # (v-1)/2 and (v+1)/2,

* Qji+Qjzt ...+ qj¢r-ny # 0 (mod V),

. S* contains each of 1, 2, ..., v-1 exactly once.

. S* =[O, Gi2s --+» Qs (V-1)12, (VH1)/2, v-(0jn+ ot ...+ Qjr-ny)
mod V]
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Example 3.2. Minimal CBRMD is constructed for v=13inp;=5and p, =
2 through the following sets of shifts.
S1=1[2,7,10,11], S,=[3,5,4,8], S;:=[12]

Table A4, A5, and A6 in Appendix A consist of designs constructed from the
Series 3.2, respectively in (i) p1=5, p, =2, (ii)) p1=7,p2 = 2, (ili) p1=9,p.=2
for v<100.

Series 3.3. Minimal CBRMDs can be constructed with p;=r, p, = s, r > 3 (odd)
for v = ri+s; s > 3, i & s both are either odd or even, with A = 1 through the
following i sets of shifts for p; and one set for p..

Si= [ Ozs ---Qien]; j=1,2, ..., 1

Si+1 =[Gz, iz, - --» Gis)]

Where:

° 1<qj1. G2 ---» i1 Gin, iz ---» Qigs-1) < V-1,

. Qi+t ...+ gjr-ny # 0 (mod V), QigGizt. .. +qis-1) # 0 (mod V),

° S* contains each of 1, 2, ...,v-1 exactly once.

° S* =01, Gjzs ---» j(r-1)» V-(ja+ izt ...+ qj-1y) Mod V, Gz, iz, - .-,
is-1)»

V-(Qiz+Qizt- .. +qis-1)) Mod v]

Example 3.3. Minimal CBRMD is constructed forv=15inp;=5and p, =
4 through the following sets of shifts.
S;=1[45,6,7], S,=[10,11,12,13], S3=[1,2,3]

Table A7, Table A8, ..., Table A18 in Appendix A consist of designs
constructed from the Series 3.4 respectively in (i) p1=5, p, = 3, (ii) p.= 7,
P2 =3, (iii) p1=9,p2 =3, (iV) p1=5,p2 =4, (V) p1=7,p2 =4, (Vi) p1=9, p2
=4, (Vii) p1=7,p2 =5, (viii) p1=9, p, =5, (iX) p1=7,p2 =6, (X) p1=9, p2
=6, (Xi)p1=9,p.=7,and (xii) p;=9, p. =8 for v <100.

4. Construction of CBRMDS in P;and P, by Rule 11

Series 4.1. Minimal CBRMDs can be constructed with p;=r, p, =, r >3
(odd) and s > 3 (integer) for v = ri+s; i odd and s even (s odd and i even)
with A = 1 through the following i sets of shifts for p; and one set for p,.
S; =[G, Gz, ---Cie-n]; j=L2 i
Si+1= [Qis, Qizs ---» is-2)]t
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Where:

M 1 <qj1, %2 ---» Gigr1)s Git, Gizs -+ -» s 2) < V-2,

. Qi+t ...+ Qi) # 0 (mod V-1), Gis+ Qi t.. . +qis2) # 0 mod (v-1),
. S* contains each of 1, 2, ...,v-2 exactly once.

° S* =[qjz, iz, ---» Q1) V-1-(Uja+Qizt ...+ Q1)) Gia, Dizs - - digs-2)s

V-1-(Qiz+ izt . . +qigs-2))]

Example 4.1: Minimal CBRMD is constructed for v=19inp;=7 and p, =5
through the following sets of shifts.
S:=[7,8,13,14,15,16], S,=[3,4,5,9,10,11], S;=[1,2,6]t

Table B1, Table B2, ..., Table B9 in Appendix B consist of designs constructed
from the above series respectively for (i) p1 = 5, p, = 4, (ii) p1 = 7, p, = 4,
(iiiy pr=9, p2=4, (V) p1=7,p2=5, (V) pr=9,p,=5, (Vi) p. =7, p, = 6,
(vii) pr=9, p2 =6, (viii) p1=9, p, =7, and (ix) p1= 9, p. = 8 for v < 100.

Acknowledgements

Authors are thankful to the reviewers for their valuable suggestions. Authors
Rashid Ahmed and H. M. Kashif Rasheed are highly grateful also to the Higher
Education Commission Pakistan Research and Development Division National
Research Program for Universities for providing grant for this research. Grant
No: 6294/Punjab/NRPU/R&D/HEC/2016.

References

Afsaringjad, K. (1990). Repeated measurements designs-a review.
Communication in Statistics — Theory and Methods, 19, 3985-4028.

Afsaringjad, K. (1994). Repeated measurements design with unequal periods
sizes. Journal of the Italian Statistical Society, 2, 161-168.

Bashir, Z, Ahmed, R., Tahir, M. H., Ghazali, S. S. A. and Shehzad, F. (2018).
Some extensions of circular balanced and circular strongly balanced repeated
measurements designs. Communications in Statistics - Theory and Methods,
47(9), 2183-2194.

Bailey, R. A., Cemeron, P. J., Fillipiak, K., Kunert, J. and Markiewicz, A. (2017).
On optimality and construction of circular repeated measurements designs.
Statistica Sinica, 27, 1-22.

Igbal, 1. (1991). Construction of experimental design using cyclic shifts.
Unpublished Ph.d Thesis. U.K: University of Kent at Canterbury.

49



Rashid Ahmed, Muhammad Rajab, Muhammad Javed Igbal
and H.M. Kashif Rasheed

Igbal, I. and Jones, B. (1994). Efficient repeated measurements designs with
equal and unequal period sizes. Journal of Statistical Planning and Inference, 42,
79-88.

Igbal, I. and Tahir, M. H. (2009). Circular strongly balanced repeated
measurements designs. Communications in Statistics—Theory and Methods, 38,
3686-3696.

Igbal, 1., Tahir, M. H. and Ghazali, S. S. A. (2010). Circular first-and second-
order balanced repeated measurements designs. Communications in Statistics-
Theory and Methods, 39, 228-240.

Khan, A., Ahmed, R., Shehzad, F., Tahir, M. H. and Ghazali, S. S. A. (2018).
Construction of circular partially balanced-repeated measurement designs using
cyclic shifts. Communications in Statistics - Simulation and Computation. In
Press.

Rajab, M., Ahmed, R., Shehzad, F. and Tahir, M. H. (2018). Some new
constructions of circular balanced repeated measurements designs.
Communications in Statistics-Theory and Methods, 47, 4142-4151.

Rasheed, U., Rasheed, H. M. K., Rasheed, M. and Ahmed, R. (2018). Minimal
circular strongly balanced repeated measurements designs in periods of three
different sizes. Communications in Statistics-Theory and Methods, 47, 4088-
4094,

Magda, C. G. (1980). Circular balanced repeated measurements designs.
Communications in Statistics-Theory and Methods, 9, 1901-1918.

Sharma, V. K., Jaggi, S. and Varghese, C. (2003). Minimal balanced repeated
measurements designs. Journal of Applied Statistics, 30, 867-872.

Appendix A

Table A1:CBRMDsforv=5i+2 ieven,p,=5andp,=2, A =1

Set of Shifts

[4,5,7,9]+[1,2,3,8]+[6](1/2)

[2,4,19,20]+[5,10,16,17]+[1,6,8,14]+[3,7,9,12]+[11](1/2)

[2,4,29,30]+[5,10,26,27]+[11,13,23,24]+[14,19,20,21]+[6,8,15,17]+
2 | [1,3,7,9]+[16](1/2)

[2,4,39,40]+[5,10,36,37]+[11,13,33,34]+[14,19,30,31]+[20,22,27,28] +
2 | [3,6,24,25]+[12,15,16,18]+[1,7,8,9]+[21](1/2)

[2,4,49,50]+[5,10,46,47]+[11,13,43,44]+[14,19,40,41]+[20,22,37,38] +
2 | [24,27,34,35]+[1,7,31,32]+[8,9,28,29]+[17,18,21,23]+[3,6,12,15]+
[26](1/2)
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[2,4,59,60]+[5,10,56,57]+[11,13,53,54]+[14,19,50,51]+[20,22,47 48]+
2 | [24,27,44,45]+ [28,32,41,42]+[33,36,38,39]+[6,12,34,35] +[18,21,26,29]+
[3,8,9,17]+[1,7,15,16]+[31](1/2)

Table A2:CBRMDs forv=7i+ 2 ieven p,=7andp, =2, A=1

Set of Shifts

[5,10,11,12,13,14]+[1,2,3,4,6,7]+[8](1/2)

[5,10,25,26,27,28]+[4,6,20,21,22,23]+[3,8,9,16,17,18]+
0 | [1,27,11,12,13]+[15](1/2)

[5,10,39,40,41,42]+[7,33,34,35,36,37]+[12,14,28,29,30,31]+
4 | [1,6,23,24,25,26]+[2,4,9,13,19,20]+[3,8,11,15,16,17]+[22](1/2)

[5,10,53,54,55,56]+[7,33,48,49,50,51]+[30,35,43,44,45 46]+
8 | [15,17,38,39,40,41]+[1,3,31,32,34,36]+[21,23,24,25,26,27]+
[9,12,16,18,19,20]+[2,4,6,8,11,13]+[29](1/2)

Table A3:CBRMDs forv=9i+2 ieven,p;=9andp,=2, A =1

Set of Shifts

[3,5,13,14,15,16,17,18]+[1,2,4,6,7,8,9,11]+[10](1/2)

[1,2,5,7,33,34,35,36]+[8,9,11,12,28,29,30,31]+[3,4,6,14,23,24,25,26]+
8 | [10,13,15,16,17,18,20,21]+[19](1/2)

[1,2,5,7,51,52,53,54]+[8,9,11,12,46,47,48,49]+[4,6,26,29,41,42,43 44] +
6 | [19,20,21,30,36,37,38,39]+[3,14,15,27,31,32,33,34] +[10,13,16,17,18,22,
23,24]+[28](1/2)

Table A4:CBRMDs forv=5i+3,ieven,p,=5andp,=2, A =1

Set of Shifts

[2,4,10,11]+[1,3,5,8]+[6]

[2,4,20,21]+[5,10,17,18]+[3,6,7,14]+[1,8,9,13]+[11]

[2,4,30,31]+[5,10,27,28]+[11,13,24,25]+[14,19,21,22]+[6,7,15,18] +
3 |[1,38,9]+[16]

[2,4,40,41]+[5,10,37,38]+[11,13,34,35]+[16,17,31,32]+[19,23,28,29]+
3 | [1,7,25,26]+[9,15,18,20]+[3,6,8,12]+[21]

[2,4,50,51]+[5,10,47,48]+[11,13,44,45]+[16,17,41,42]+[20,22,38,39]+
3 | [23,28,35,36]+ [29,31,32,33]+[12,15,24,25]+[1,3,9,19] +[6,7,8,14]+[26]

[2,4,60,61]+[5,10,57,58]+[11,13,54,55]+[16,17,51,52]+[20,22,48,49]+
3 | [25,26,45,46]+[27,33,42,43]+[34,35,39,40]+[7,8,36,37] +[15,24,28,29] +
[1,6,12,21]+[3,9,14,18]+[31]
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Table A5:CBRMDs forv=7i+3,ieven,p,=7andp,=2, A =1

Set of Shifts

[5,10,12,13,14,15]+[1,2,3,4,6,7]+[8]

[5,10,26,27,28,29]+[3,6,21,22,23,24]+[1,4,14,17,18,19]+[2,7,8,9,11,12] +
1 [15]

[5,10,40,41,42,43]+[19,21,35,36,37,38]+[9,11,30,31,32,33]+
5 | [4,8,13,26,27,28]+ [15,16,17,18,20,24]+[1,2,3,6,7,12]+[22]

[5,10,54,55,56,57]+[19,21,49,50,51,52]+[31,34,44,45,46 47]+
9 | [15,16,39,40,41,42]+[25,32,33,35,36,37]+[6,8,12,13,24,27]+
[1,2,3,4,7,20]+[9,11,14,17,18,23]+[29]

Table A6:CBRMDs forv=9i+3,ieven,p,=9andp,=2, A’ =1

Set of Shifts

[1,2,5,7,16,17,18,19]+[3,4,6,8,9,12,13,14]+[10]

[1,2,5,7,34,35,36,37]+[8,9,11,12,29,30,31,32]+[3,4,6,13,24,25,26,27]+
9 | [10,14,15,16,17,18,21,22]+[19]

[1,2,5,7,52,53,54,55]+[8,9,11,12,47,48,49,50]+[4,6,27,28,42,43,44,45] +
7 | [3,16,35,36,37,38,39,40]+[10,13,22,25,29,30,32,33]+
[14,15,17,18,19,20,21,23]+[26]

Table A7: CBRMDs forv=5i+4,iodd, p,=5andp,=3, A=1

Set of Shifts
[3,4,5,7]+[1,2]
[3,4,15,17]+[8,10,12,13]+[5,6,7,9]+[1,2]
9
[3,4,25,27]+[8,10,22,23]+[13,14,19,20]+[5,6,12,17]+[7,9,11,15]+[1,2]
9

[3,4,35,37]+[8,10,32,33] +[13,14,29,30]+[16,20,26,27]+[6,11,12,24]+
9 | [5,7,21,22]+ [9,15,17,18]+[1,2]

[3,4,45,47]+[8,10,42,43]+[13,14,39,40]+[17,19,36,37]+[22,23,33,34] +
9 | [26,28,30,31]+ [5,12,25,27]+[6,7,9,11]+[15,18,20,21]+[1,2]

[3,4,55,57]+[8,10,52,53]+[13,14,49,50]+[17,19,46,47]+[20,25,43,44] +
9 | [26,28,40,41]+[31,32,37,38]+[6,7,34,35]+[15,16,24,30]+[5,9,11,12]+
[18,21,23,27]+[1,2]

[3,4,65,67]+[8,10,62,63]+[13,14,59,60]+[17,19,56,57]+[20,25,53,54] +
9 | [26,28,50,51]+[31,32,47,48]+[35,37,44,45]+[5,23,27,41]+[9,12,38,30]+
[11,24,33,34]+[15,21,29,30]+ [6,7,16,18]+[1,2]
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Table A8: CBRMDsforv=7i+4,iodd, p,=7andp,=3, A=1

Set of Shifts

[3,4,5,6,7,9]+[1,2]

[8,10,19,20,21,23]+[9,11,14,15,16,17]+[3,4,5,6,7,12]+[1,2]

[8,10,33,34,35,37]+[22,23,28,29,30,31]+[16,17,21,24,25,26]+
9 | [3,5,6,7,18,19]+ [4,9,11,12,13,14]+[1,2]

[8,10,47,48,49,51]+[22,23,42,43,44,45]+[34,36,37,38,39,40]+
3 | [25,26,30,31,32,33]+[14,16,21,24,27,28]+[4,13,15,17,18,19]+
[3,5,6,7,9,11]+[1,2]

[8,10,61,62,63,65]+[22,23,56,57,58,59] +[34,36,51,52,53,54]+
7 | [13,15,46,47,48,49]+[26,27,41,42,43,44]+[5,7,35,37,38,39]+
[21,25,29,30,31,32]+[11,14,18,19,20,24]+ [3,4,6,9,12,16]+[1,2]

Table A9: CBRMDs forv=9i+4,iodd, p,=9andp,=3, A=1

Set of Shifts

[3,4,5,6,7,8,9,111+[1,2]

[3,4,5,6,25,26,27,29]+[9,10,11,15,20,21,22,23] +
1 |[7,8,12,13,14,16,17,18]+[1,2]

[3,4,5,6,43,44,45,47]+[9,10,11,15,38,39,40,41] +
9 | [7,20,21,22,33,34,35,36]+[19,23,26,27,28,29,30,31]+
[8,12,13,14,16,17,18,24]+[1,2]

[3,4,5,6,61,62,63,65]+[9,10,11,15,56,57,58,59]+

7 | [7,20,21,22,51,52,53,54]+[19,23,26,27,46,47,48,49]+
[17,24,39,40,41,42,43,44]+[8,16,31,33,34,35,36,37]+[12,13,14,18,25,28,2
9,30]+[1,2]

Table A10:CBRMDs for v=>5i+5,ieven,p,=5andp,=4, A =1

Set of Shifts

[4,5,6,7]+[10,11,12,13]+[1,2,3]

[15,16,22,23]+[4,12,18,20]+[5,6,8,14]+[7,9,10,11]+[1,2,3]

[11,13,14,33]+[5,7,30,31]+[9,15,26,27]+[16,17,23,24]+[4,6,19,20]+
5 | [8,10,12,18]+[1,2,3]

[15,16,17,43]+[5,7,40,41]+[10,14,36,37]+[13,20,33,34]+[19,23,30,31]+
5 | [25,26,27,28]+ [11,12,21,22]+[4,6,8,9]+[1,2,3]

[18,19,21,53]+[5,7,50,51]+[9,15,46,47]+[16,17,43,44]+[20,22,40,41]+
5 | [25,26,37,38]+[29,31,34,35]+[4,11,30,32]+[8,23,24,27]+
[6,10,12,13]+[1,2,3]
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[21,23,24,63]+[5,7,60,61]+[9,15,56,57]+[16,17,53,54]+[20,22,50,51] +
[25,26,47,48]+[29,31,44,45]+[34,35,41,42]+[6,8,37,39]+[11,12,33,36]+
[13,27,28,30]+[4,10,14,18]+[1,2,3]

Table Al11: CBRMDsforv=7i+5,iodd, p,=7andp,=4, A =1

Set of Shifts

[7,8,14,15,16,17]+[4,5,6,9,10,11]+[1,2,3]

[7,8,28,29,30,31]+[4,9,21,23,24,25]+[5,6,10,17,19,20]+
[11,12,13,14,15,16]+[1,2,3]

[7,8,42,43,44,45]+[22,23,36,37,38,39]+[11,12,31,32,33,34]+
[4,10,13,27,28,29]+ [9,16,20,21,24,25]+[5,6,14,15,17,18]+[1,2,3]

[7,8,56,57,58,59]+[22,23,50,51,52,53] +[34,36,45,46,47 48]+
[16,18,40,41,42,43]+[30,32,33,35,37,38]+[17,25,26,27,28,29]+
[9,14,15,19,20,21]+[4,5,6,10,11,12]+[1,2,3]

Table A12:CBRMDs for v=9i+5,ieven,p,=9andp,=4, A =1

Set of Shifts

[5,8,9,16,18,19,20,21]+[4,6,7,10,11,12,13,14]+[1,2,3]

[5,8,9,34,36,37,38,39]+[17,19,27,28,29,30,31,32] +
[6,7,10,21,22,23,24,25]+ [4,11,12,13,14,15,16,18]+[1,2,3]

[5,8,9,52,54,55,56,57]+[20,21,22,46,47,48,49,50]+
[29,31,39,40,41,42,43,44]+[23,27,32,33,34,35,36,37]+
[4,12,13,15,24,25,26,28]+[6,7,10,11,14,16,17,18]+[1,2,3]

Table A13:CBRMDs for v=7i+6,iodd, p,=7andp,=5, A =1

Set of Shifts

[7,8,22,23,24,25]+[5,9,16,18,19,20]+[6,10,11,12,13,14]+[1,2,3,4]

[7,8,36,37,38,39]+[20,21,30,32,33,34]+[14,15,25,26,27,28]+
[5,12,18,19,22,23]+[6,9,10,11,13,16]+[1,2,3,4]

[7,8,50,51,52,53]+[20,21,44,46,47,48]+[34,36,39,40,41,42]+
[22,23,32,33,35,37]+[9,11,27,28,29,30] +[5,6,10,14,24,25]+
[12,13,15,16,17,18]+[1,2,3,4]

[7,8,64,65,66,67]+[20,21,58,60,61,62]+[34,36,53,54,55,56]+
[12,14,48,49,50,51]+[25,26,43,44,45,46]+[13,15,17,39,40,41]+
[10,22,32,33,35,37]+[6,9,16,18,28,30]+ [5,11,19,23,24,27]+[1,2,3,4]
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Table A14:CBRMDs for v=9i+6,iodd, p,=9andp,=5, A =1

Set of Shifts

[6,7,8,9,10,11,12,13]+[1,2,3,4]

[6,7,8,27,28,29,30,31]+[5,9,13,20,21,22,24,25] +
3 |[10,11,12,14,15,16,17,18]+[1,2,3,4]

[6,7,8,45,46,47,48,49]+[11,12,37,38,39,40,42,43]+
1 |[10,14,30,31,32,33,34,35]+[9,13,23,24,25,26,27,28]+
[5,15,16,17,18,19,20,21]+[1,2,3,4]

[6,7,8,63,64,65,66,67]+[11,12,37,56,57,58,60,6 1]+
9 | [5,10,15,50,51,52,53,54]+[9,14,43,44,45 46,47 48]+
[17,18,20,21,38,39,40,41]+[24,25,26,31,32,33,34,35]+
[13,16,19,22,23,27,28,29]+[1,2,3,4]

Table A15:CBRMDs forv=7i+7,ieven, p; =7 and p, = 6, A=1

Set of Shifts

[7,8,16,17,18,19]+[9,10,11,12,13,14]+[1,2,3,4,5]

[7,8,30,31,32,33]+[19,21,25,26,27,28]+[10,11,12,15,17,18]+
5 | [6,9,13,14,16,23]+[1,2,3,4,5]

[7,8,44,45,46,47]+[19,21,39,40,41,42]+[6,11,33,35,36,37]+
9 | [22,24,28,29,30,31]+[12,14,20,23,25,26]+[9,10,13,15,16,17]+[1,2,3,4,5]

[7,8,58,59,60,61]+[19,21,53,54,55,56]+[32,34,47,49,50,51]+
3 | [15,17,42,43,44,45]+[22,35,37,38,39,40]+[14,16,29,30,31,33]+
[9,11,12,13,26,27]+[6,10,18,20,23,24]+[1,2,3,4,5]

Table A16: CBRMDsforv=9i+7,ieven,p,=9andp,=6, A =1

Set of Shifts

[6,7,8,19,20,21,22,23]+[9,11,12,13,14,15,16,17]+[1,2,3,4,5]

[6,7,8,37,38,39,40,41]+[18,19,20,31,32,33,34,35]+
3 | [9,22,23,24,25,26,27,29]+[10,11,12,13,14,15,16,17]+[1,2,3,4.5]

[6,7,8,55,56,57,58,59]+[18,19,20,49,50,51,52,53]+
1 | [31,32,34,42,43,44,45 47]+[17,22,35,36,37,38,39,40] +
[9,11,12,15,16,28,29,30]+[10,13,14,21,23,24,25,26]

Table Al17: CBRMDsforv=09i+8,iodd, p,=9andp,=7, A =1

Set of Shifts

[7,8,9,10,11,12,14,15]+[1,2,3,4,5,6]

[10,12,13,15,30,31,32,33]+[11,17,23,24,25,26,27,28]+
5 |[7,8,9,16,18,19,20,21]+[1,2,3,4,5,6]
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[11,18,19,20,48,49,50,51]+[13,17,21,42,43,44,45 46]+
[25,27,35,36,37,38,39,40] +[8,9,10,28,29,30,31,33] +
[7,12,14,15,16,22,23,24]+[1,2,3,4,5,6]

Table A18:CBRMDs forv=19i+9,ieven,p,=9andp,=8, A =1

Set of Shifts

[9,10,11,17,21,22,23,24]+[8,12,13,14,15,16,18,19]+[1,2,3,4,5,6,7]

[13,14,15,18,40,41,42,43]+[10,20,21,34,35,36,37,38]+
[11,12,19,28,29,30,31,32]+[8,9,16,22,23,24,25,26]+[1,2,3,4,5,6,7]

[18,19,20,21,58,59,60,61]+[14,15,22,52,53,54,55,56] +
[17,25,45,46,47,48,49,50]+[12,16,38,39,40,41,42,43] +
[9,10,30,31,32,33,34,36]+[8,11,13,23,24,26,27,28]+[1,2,3,4,5,6,7]

Appendix B

Table B1: CBRMDs forv=5i+4,iodd, p,=5andp,=4, A=1

Set of Shifts

[2,4,5,6]+[1,3]t

[2,4,15,16]+[6,9,12,13]+[3,5,7,10]+[ L8]t

[2,4,25,26]+[7,8,22,23]+[10,14,19,20]+[3,5,15,16]+[6,9,11,12]+[1,13]t

[2,4,35,36]+[7,8,32,33]+[10,14,29,30]+[16,17,26,27]+[20,22,23,24]+
[9,12,15,19]+[3,5,6,11]+[1,18]t

[2,4,45,46]+[7,8,42,43]+[11,13,39,40]+[16,17,36,37]+[20,22,33,34]+
[25,26,30,31]+[3,9,27,28]+[14,18,19,21]+[5,6,10,12]+[1,23]t

[2,4,55,56]+[7,8,52,53]+[11,13,49,50]+[16,17,46,47]+[20,22,43,44]+
[25,26,40,41]+[29,31,37,38]+[5,6,34,35] +[12,18,23,30]+[14,19,24,27]+
[3,9,10,15]+[1,28]t

[2,4,65,66]+[6,9,62,63]+[11,13,59,60]+[16,17,56,57]+[20,22,53,54]+
[25,26,50,51]+[29,31,47,48]+[34,35,44,45]+[38,40,41,42]+[10,14,36,37]+
[23,24,27,30]+[5,8,15,19]+ [3,7,12,18]+[1,33]t

Table B2:CBRMDsforv=7i+4,iodd,p;=7andp,=4, A’ =1

Set of Shifts

[2,3,5,6,7,8]+[1,4]t

[7,8,19,20,21,22]+[6,10,14,15,16,17]+[2,3,4,5,9,12]+[1, 11]t

[7,8,33,34,35,36]+[19,21,28,29,30,31]+[10,17,23,24,25,26]+
[3,4,5,6,16,20]+ [2,9,11,12,13,14]+[1,18]t
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[7,8,47,48,49,50]+[19,21,42,43,44,45]+[32,33,37,38,39,40]+
3 | [20,22,30,31,34,35]+[10,12,24,26,27,28]+[2,13,15,16,17,18]+
[3,4,5,6,9,11]+[1,25]t

[7,8,61,62,63,64]+[19,21,56,57,58,59]+[31,34,51,52,53,54]+
7 | [11,13,46,47,48,49]+[24,25,41,42,43,44]+[3,5,36,37,38,39]+
[20,23,28,29,30,33]+[10,12,17,18,22,26]+[2,4,6,9,14,15]+[1,32]t

Table B3:CBRMDs for v=9i+4,iodd,p;=9andp,=4, A =1

Set of Shifts

13 | [2,3,4,6,7,8,9,10]+[1,5]t

[6,7,8,24,25,26,27,28]+[5,10,12,18,19,20,21,22]+
1 |[23,4,9,11,13,15,16]+[1,14]t

[6,7,8,42,43,44,45 46]+[18,19,20,36,37,38,39,40]+
9 | [14,15,16,30,31,32,33,34]+[10,11,12,24,25,26,27,28]+
[2,3,4,5,9,13,17,21]+[1,23]t

[6,7,8,60,61,62,63,64]+[18,19,20,54,55,56,57,58]+

7 | [29,31,33,48,49,50,51,52]+[17,22,24,42,43,44,45 46]+
[30,34,35,36,37,38,39,40]+[2,3,4,5,12,25,26,27]+

[9,10,11,13,14,15,16,21]+[1,32]t

Table B4:CBRMDs forv=7i+5,ieven,p;=7andp,=5, A =1

Set of Shifts

[7,8,13,14,15,16]+[3,4,5,9,10,11]+ [1,2,6]t

[7,8,27,28,29,30]+[19,21,22,23,24,25]+[4,6,15,16,17,18] +
3 |[3,5,9,10,11,12]+[1,2,13]t

[7,8,41,42,43,44]+[19,21,36,37,38,39]+[9,10,31,32,33,34]+
7 | [22,23,25,27,28,29]+[3,4,5,12,18,24]+[6,11,13,14,15,16]+[1,2,20]t

[7,8,55,56,57,58]+[19,21,50,51,52,53]+[32,33,45,46,47,48]+
1 | [14,16,40,41,42,43]+[26,29,35,36,37,38]+[15,17,25,28,30,31] +
[9,10,12,20,22,23]+[3,4,5,6,11,13]+[1,2,27]t

Table B5:CBRMDs forv=09i+5,ieven,p,=7andp,=5, A =1

Set of Shifts

[5,6,10,16,17,18,19,20]+[3,4,7,9,11,12,13,14]+[1,2,8]t

[6,7,8,34,35,36,37,38]+[18,19,20,28,29,30,31,32]+
1 1[5910,11,23,24,25,26]+[3,4,12,13,14,15,16,21]+[1,2,17]t

[6,7,8,52,53,54,55,56]+[18,19,20,46,47,48,49,50]+
9 | [30,31,32,40,41,42,43,44]+[22,24,25,34,35,36,37,38]+
[4,5,11,14,23,27,28,29]+[3,9,10,12,13,15,16,17]+[1,2,26]t
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Table B6:CBRMDs for v=7i+6,i>1(odd) p;=7andp,=6, A =1

Set of Shifts

[6,9,21,22,23,24]+[4,10,16,17,18,19]+[5,8,11,12,13,14]+[1,2,3, 7]t

[7,8,35,36,37,38]+[19,21,30,31,32,33]+[12,13,25,26,27,28]+
1 | [4,9,18,20,22,23]+[5,6,10,11,15,16]+[1,2,3, 14]t

[7,8,49,50,51,52]+[18,22,44,45,46,47]+[32,33,39,40,41,42]+
5 | [17,19,34,35,36,37]+[6,11,27,28,29,30]+[4,5,9,15,24,25]+
[10,12,13,14,16,20]+[1,2,3,21]t

[7,8,63,64,65,66]+[19,21,58,59,60,61]+[32,33,53,54,55,56]+
9 | [44,46,48,49,50,51]+[25,29,41,42,43,45]+[5,22,26,36,37,38]+
[23,24,27,30,31,34]+[12,14,16,17,18,20] +[4,6,9,10,11,13]+[1,2,3,28]t

Table B7:CBRMDs for v=29i +6,i > 1(odd) p; =9andp,=6, A =1

Set of Shifts

[6,7,8,26,27,28,29,30]+[5,9,11,20,21,22,23,24] +
3 | [4,12,13,14,15,16,17,18]+[1,2,3,10]t

[6,7,8,44,45,46,47,48]+[17,18,22,38,39,40,41,42]+
1 | [13,14,16,32,33,34,35,36]+[4,5,20,26,27,28,29,30]+
[9,10,11,12,15,21,23,24]+[1,2,3,19]t

[6,7,8,62,93,64,65,66]+[18,19,20,56,57,58,59,60]+

9 | [30,31,32,50,51,52,53,54]+[17,21,23,44,45,46,47,48] +
[29,33,35,38,39,40,41,42] +[4,5,10,25,26,27,34,36] +
[9,11,12,13,14,15,16,22]+[1,2,3,28]t

Table B8:CBRMDs forv=09i+7,i>2(even) p,=9andp,=7, A =1

Set of Shifts

[6,7,8,36,37,38,39,40]+[18,19,20,30,31,32,33,34]+
3 | [14,16,21,24,25,26,27,28]+[5,9,10,12,13,15,17,22]+[1,2,3,4,11]t

[6,7,8,54,55,56,57,58]+[17,19,21,48,49,50,51,52]+
1 | [30,31,32,42,43,44,45,46]+[22,23,24,36,37,38,39,40] +
[11,18,25,27,28,29,33,34]+[5,9,10,12,13,14,15,16]+[1,2,3,4,20]t

Table B9:CBRMDs for v=9i +8,i>3(odd) p; =9andp,=8, A =1

Set of Shifts

[6,7,8,46,47,48,49,50]+[18,19,20,40,41,42 43 44]+
3 | [30,31,32,34,35,36,37,38]+[12,13,15,25,26,27,28,29]+
[9,10,14,16,17,21,22,23]+[1,2,3,4,5,11]t




