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ABSTRACT

Skewed distributions have received a great deal of attractions in
literature, because some data display some degrees of skewness.
Several distributional properties of the skew semi-circular distribution
are presented. Some characterizations based on the truncated moments
are given.

1. Introduction

Wishart (1928) considered random matrix in connection to the statistical analysis
of data. A matrix is called random matrix if the entries of matrix are random
variables from any specified distribution. If the distribution of the random
variables is Gaussian, then we call the matrix as Gaussian random matrix. Let

A,i=12,..n be the eigenvalues of the nxn matrix. The empirical spectral
density (ESD) m (4) is defined as
1
m(A)=; 16— 4)
where & is the Dirac's delta function. The ESD is a probability measure over the

complex plane. If the matrix is Harmitian, then the eigenvalues are real. Wagner
(1955) proved that the ESD of a Hermitian nxn Gaussian matrix when

normalized by % tends to the semi-circular distribution with

pdffg. as
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/ 2
fSC(X):% 4—X ,—ZSXSZ (11)

=0, otherwise.

The pdf given in (1.1) is a semi-circular distribution and we denote it as SCD
(-2.2). However we will consider here the standard SCD(-1,1) with pdf f(x) as

f(x) = % 1-x2 -1<x<1 (1.1)

=0, otherwise.

For some basic properties of circular and semi-circular distribution see Fisher
(1993), Mardia (1972) and Ahsanullah (2016).

Azzalini (1985) introduced univariate skew normal distribution with pdf f_ (X)
as T (X) =2¢(X)D(AX),—0 < X < o0, (1.2)

where A is any real number with ¢ and @ denoting the standard normal pdf

and cumulative distribution function (cdf). This technique has been used by
several researchers to skew any continuous symmetric distribution. In the
univariate case, skew Cauchy distribution was considered by Arnold and Beaver
(2000) and for details about other skew univariate and multivariate distributions
see Azzalini(2014). We will define the pdf of the skew-circular distribution

f sscd (X) as

/ 2
fsscd(x):% 1-x° 1+ Ax),-1<x<1 (1.3)
=0, otherwise;
where -1 <A<1.
We will denote (1.3) as the pdf of the distribution SSCD (-1,1, A4)
In this paper we will present some basic properties and characterizations
of SSDD(-1,1, 1)
2. Main Results
The Fig. 2.1.gives the pdf of SSCD (-1,1, 1) for =—0.8.—0.4,0.4 and 08.
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Fig. 2.1: PDFs SSCD(-1.1.-0.8)-Black , SSCD(-1,1,-0,4)- Red,
SSCD(-1.1.0.8)-Green and SSCD(-1.1.0.4)-Brown.

The cdf Fys.q(x) of SSCD(1,-1, 1) is as follows:

_1 .1 . 2y 22 o
Fysca(x) =5 +;(arcsm(x)+X\/(1 —x%)-5 (1= x%)2)
It can be shown that x,, is the pth percentile point for SSCS(1-,1, Z), then
—x, will be 1-p th percentile point of SSCD(-1,1,- A4).
Let x" =E(X™), then

" =X (V1= x? (L + Ax)dx
= [2,2sin*" cos® (L + Asin 8)d @

— E B(2m+1 3

T 2, ’E)’

where B(p,q) = f01 xP71 (1 — x)7 tdx.
pi™t = 2P (V1= x? (L+ AX)dX

= [2,2sin®*™" cos® O(L+ Asin ©)d O

—z
2

_ 2ip(2m:3 3
_ﬂ'B(Z 127"

We will use the following two lemmas to prove the characterizations of
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SSCD (-1,1, A) distribution.

Assumption A

X is an absolutely continuous random variable with cdf F(x), pdf f(x)
o =Sup{x| f(x) >0} and g =inf{x]| f(x) <1}. We assume E(X) exists
and f(x) is differentiableina < x < f8

Lemma 2.1.
Under the assumption A,if E(X|X< x) = g(X)7(x), where 7(x) = and a(x)
= '(X)
g(x)

is a differentiable function in ( «, ), then f(x) =ce )
¢ is determined by the condition [# f (x)dx =1.

Proof.
uf(u)du
g( ) BRI
thus

[uf (U)du = f(x)g(x).

Differentiating both sides of the above equation, we obtain
xf(x) = F(x)g(x) +f(x)g'(x)
On simplification, we get

(0 _ x-g'(x)
JORETON

On integrating both sides of the above equation with respect to X, we obtain
Jx—g'(x)dx

f)=ce " ° , cisdetermined by the

condition 7 f (x)dx =1.

Lemma 2.2

Under the assumption A, if E(X|X= x) = h(x) r(x), where r(x) = 1_’;((?) ,0<

F(x) < 1 and h(x) is a differentiable function in ( «, ), then

x+h'(x)
f)=ce [ h(x) &

¢ is determined by the condition [/ f (X)dx =1.
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Proof.

_ ffuf(u)du
he) = ==~ —
thus

J? uf ) du=f)h(x)

Differentiating both sides of the above equation, we obtain
-xf(x) = f'(x)h(x) +f(x)h'(x)
On simplification, e get

/() x+h'(x)
fx) — ~ h(x) *

On integrating both sides of the above equation, we obtain
_x+h"(x)
fx)=ce " . cisdetermined by the condition |7 f (x)dx =1.

Theorem 2.1.

Suppose that X is an absolutely continuous random variable with cdf F(x),

pdf f(x) with —1 = sup{x|F(x) > 0} and 1 = inf{x|F(x) < 1}1. We assume
E(X) exists and f(x) is differentiable in -1<x<1 Then E(X|X< x) = g(X)t(x),

&)

) and

where 7(x) =

3
_1(1_x2)2 +;—2(2n—sin(4arcsinx)+4arcsinx)

9()= (1+Ax)V(1-x2)

if and only if

f(x) =2 (1+ V(1 —x?) , -1<x<1

=0, otherwise,
where -1 < A <1.

Proof.
Suppose that

f(x) = % (1 + Ax)V1 — x2, then
f()9() =/, = u(1+Aw)y/ (A - u?) du

= 21— x2ys + A (om —si ; :
= 37T(l x*)z +16n(2n sin(4arcsinx) + 4rcsinx)

81



M.Ahsanullah

Thus
_—5(1 x2) 3 (Zn sin(4arcsinx)+4rcsinx)
g(x) (1+Ax)V1—x2),
Suppose
3
—%(1—352)5 +;—2(2n—sin(4arcsinx)+4rcsinx)
9(x) = (1+2x)V1-x2) '
then
—1(1—x2)% +i(21r—sin(4-arcsinx)+4-rcsinx) 21 x
g(x) =x— - =)
(1+Ax)V1—-x2, 1-Ax  1-x2
=X~ Q(X)(m_l__z
X-g'(x) _ . )
9(x) 1+1X 1- x2
By Lemma 2.1, we have
') _ 4 X

f(x) — HAx 1-¢2
Integrating both sides of the above equation with respect to x, we obtain
f(x) =c (1+Ax)V1 — x2.

where c is a constant.

1
Using the condition I_l f(X)dx=1, we obtain
f)=F (X)=2v1-x*(1+ Ax),—1<x<1

Theorem 2.2.

Suppose that X is an absolutely continuous random variable with cdf F(x)

and pdf f(x) with —1 =sup{x|F(x) >0} and 1 = inf{x|F(x) < 1}. We
assume E(X) exists and f(x) is differentiable in -1<x<1.Then if E(X|X=> x) =

h(x)r(x), where r(x) = T and

1-F(x)
h(X) /1?" g( - 2)2——(211' sin(4arcsinx)+4rcsinx) if and only if
(A+Ax)V1-x2)
f(x) = ; (14 A0)V(1 = x?) , -1<x<1
=0, otherwise;

where -1< A <1.

Proof.
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Suppose that
f(x) == (1+ Ax)V1— x7, then

f()g(x) =/ = u(1+Au)/(T — u?) du

=E() -9(x)

2, 1 s A . ; ;
= ( < T3 (1—x%)z— = (2w — sin(4arcsinx) + 4arcsinx))

Thus
Am 1 2y5_2 . . .
h(X) :?+§(1—x ) —E(Zn—sm(zlarcsmx)+4arcsmx)
(1+2x)V(1-x2)
Suppose
h _ %+§(1—xz)%—%(Zn'—sin(él»arcsinx)+4arcsinx) th
(x) = (1+Ax)V(1-x2) en
Am 1 25 A ) ) )
h'(X) _ 5 ?+§(1—x ) —E(Zn—sm(zlarcsmx)+4arcsmx) ( A x )
(1+Ax)V(1-x2) 1-Ax  1-x2
. - . A X
) = x-h() (= ——)

and
 x+h(x) __ A X
hex)  — 1+Ax 1— x2

By Lemma 2, 2 we have
') _ 2 X

f(x) — X 142

Integrating both sides of the above equation with respect to x, we obtain
f(x) =c (1+Ax)V1 — x2.

where c is a constant.
Using the condition ﬁl f (x)dx =1, we obtain

f) =1, (X) =2V1-x>(1+ Ax),~1< x <1.
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3. Conclusion

The skew symmetric distributions were developed as skewed alternatives to the
central symmetric distributions. Before a particular distribution model is applied
to the real world data, it is essential to confirm whether the given probability
distribution satisfies the underlying requirements by its characterization. Thus,
characterization of a probability distribution plays an important role in statistics
and mathematical sciences. The results of the paper will enable the readers to
identify semicircular distribution using the properties presented in the paper.

Acknowledgment

The author thanks the referee and the editor for helpful suggestions that improved
the presentation of the paper.

References

Ahsanullah, M. (2016). Some Inferences on Semi Circular Distribution. Journal
of Statistical Theory and Applications, vol.15, no.3, 207-213.

Arnold, B.C. and Beaver, R.J. (2000). The skew-Cauchy distribution. Sankhya,
ser. A, 62, 22-35.

Azzalini, A. (1985). A class of distributions which includes the normal one.
Scand. J. Statist.12, 171-178.

Azzalini, A. (2014).The skew-normal and related families (2014).Cambridge
University Press, Cambridge, U.K.

Bai, Z.D. and V. Yin (1988). Convergence to semicircular law. Annals of
Probability, 16, 1729-1741.

Fisher, N.I. (1993). Statistical Analysis of Circular Data. Cambridge University
Press, Cambridge, U.K.

Mardia, K.V. (1972). Statistics of Directional Data. Academic Press, London,
U.K.

Wagner, E.P. (1955).Characteristic vectors of bordered matrices with infinite
dimensions. Annals of Mathematics, 52(2), 32-52.

Wishart, J. (1928). The generalized product moment distribution in samples from
a normal distribution. Biometrika 28 A, 32-52.

84



