Aligarh Journal of Satistics
Vol. 35(2015), 51-60

CHARACTERIZATIONS OF THE PARETO DISTRIBUTION IN THE
PRESENCE OF OUTLIERS

U. J. Dixit and M. Jabbari Nooghabi
ABSTRACT

Here we have given some characterizations for #ret® distribution in the
presence of outliers. It is proved that a necesaadysufficient condition for
f(x)to be a Pareto density function in the presenceutiiers is that the

statistics X(r) and %(ﬁmss n)are independent. Further, we have
x(r

derived some another characterizations of the @adetribution in the
presence of outliers.

1. INTRODUCTION

Ahsanullah and Kabir (1973) proved that necessay sufficient condition for

f (X) to be a Pareto distribution is that the statis{¢s) and %(15 r<s<n)

r
are independent. Dallas (1976) proved that for mutative distribution function
(CDF) G(y) y=p£, IifE(Y' |Y>c)=E(%J holds then Y has a Pareto

distribution.
In this paper, we assume that the random variagleX,,...,X are such thak of
them are distributed with  probability density fuoat (pdf)

f,(xa,B,a) =250

Xa+1
and the remaining1 —k) random variables are distributed as

,<BO<x,a>0,>1,6>0, 1)

f(xa.0=2 0<o<xa>0 )

X
One should note that sets of the observation k.eand n — k) are independent.
But X,, X,,...,X, are not independent because of the model of csit{fer more

details see Dixit (1989), Dixit and Jabbari Noogh@011a) and Dixit and Jabbari
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Nooghabi (2011b). Also, we may note that our assiomp are based on Dixit's
model for the outliers problem and it is totalyfeient than the mixture models

which considerX,, X,,...,X, are independent.

Here, we have extended the approaches of Ahsaratidi<abir (1973) and Dallas
(1976) for the homogenous case of the Pareto hligion and derived some
characterizations of thePareto distribution inghesence of outliers.

2. PREREQUISITE RESULTS

Assume thaI((l), X2 Sseees Xn) be the order statistics of a random sample of Bize
such thatk out of n are coming from pdff, (or CDF F,) and the remaining
n - k follow the pdf f, (or CDF F,). The CDF and pdf of " (L<r < n)order

statistic are
Hyo (0 =20 3 Clk, (] i~ F, (9]

- N 3
xC(n-Kk,i- j)[Fl(X)].-J [1_ Fl(x)]n—k—|+J
wherem, = maxQ,i —n+k )y andm, =min(k j ) and
n 0=, | IR i)
X [Fl(x)] [1— Fl(x)] @

Ck, IR x[-F,9]'c(n-k-1r -1- j)}
+ (n - k) fl(x) m: { r=j-1 n-k-r+j
L [F.oo] 2 [L-Rool™
wherem, =maxQ,k +r —n),m, =mink -Lr -1),m, =max@Q,k +r —n),
m, = min(k,r —1), respectively (for more details see Dixit (198989, 1994) and

Dixit and Jabbari Nooghabi (2011b)).
Further, the joint CDF and pdf ¢iX ,, X, (L<r <s<n)are

C(k, mCk-m 1) [F,(0]"[F.(v) - F, ()]
x[1-F,(y)]“™ c(n-k,i - m)
xC(n—k=i+m, j—i=D[F,(x)]'™
x[F(y) - F, (0] [L-Fy (y) "
where; w, = max(O1-n+k ) w, =min(k,i),t, =max@, j —n+k-m)

(r)?

Hxxe (% y) = Z?:sZijzr ZrnlleWQ Z:lzc:g (5)

t, =min(k—-m, j —1)and
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C(k-2j)Cn-kr -1- PRV [FeI ™

w n |XCk=2-},DC(n-k-r+j+Ln-s-i)
AP CSVEL CERACIAO) I I | -, (] <[ E ) [Fo() - F 0]

x[F(y) - RO
Cin-k-2j)C(kr -1- D[RO [F] ™ Cn-k -2 j,i)
+=M k=D LY 2D xClk=r + ] +1n-s=DL- R L- RO [R) - Feo™
T xRy - R
C(n-k-1)Ck-1r -1- PIRE] [F0] "Cn-k - j-1i)
+RN=K) L (0)x 20 3 xClk=r + j,n=s=ift- F(y)] L~ F,y]"™
x[F.) = RO [R(y) - ROl
Ck-1j)C(n-k-1r -1- PR [R] ™’
+k(n=K) ,(y) LY"°, Zfiw xC(k—j-1i)C(n-k-r+j,n-s-i)L-F(y)]
x[L- R Ry - RO} RO - REOFT
(6)
wherew, =maxQ,r —n+k-1),w, =min(k —=2,r =1),t, =maxQ,k -s+r —j -1)
andt, =min(k - j-2,n-s),w; =max@,r —k-1),w, =min(n-k-j-2r-1),
t, =maxQ,n-s—-k+r—j-and, =minh-k—-j-2n-9),
w; =maxO,r —k) ,wg =min(n—-k-1r -1 ,t. =max@,n-s—-k+r - j-1)
ts=min(n—-k-jr—-j-Ln-9s),w, =max@,r —n+k),w, =min(k -1,r -1,
t, =maxQ,k—-s+r - j-1),tg =min(k — j =1, n-s), respectively.
One should note that if k=1 the joint pdf of,,, X is given in Sinha (1973).

Also, if we put f,=f, and F,=F, then all pdfs and CDFs are reduced to
homogeneous cases.
The following equations are named as Pexider’s taaus

f(xy) = 9(x) +h(y), (1)
and

f(xy) = g(x)h(y), 8)
For solving these equations, the following Theoteas taken from Aczel (1966)
(Theorem 4. in p. 144) and Kuczma (2008) (Theor83.4. in p. 358).

Theorem 2.1. The general solutions, with f continuous in a poof (7)and (8),
respectively, both supposed for positive x andg, a

f(t) =cIn(a/t), g(t) =cIn(at),h(t) =cIn(A),(a >0,t >0) 9)
and
f(t)=abt®, g(t) =at®, h(t) =bt°, (t >0) (20)
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respectively, supplemented with the following taivéolutions in case of (8).
f (t) =cIn(apt), g(t) =cIn(at), h(t) =cIn(st),(a > 0,t >0)

f(t) =0, f(t) =0,
g(t) =0, and <g(t) = arbitrary, (11)
h(t) arbitrary h(t) =0

3. CHARACTERIZATION OF THE PARETO DISTRIBUTION
IN THE PRESENCE OF OUTLIERS

Theorem 3.1. Let X be a random variable having an absolutely contisuGDF
F(X). A necessary and sufficient condition tiafollows the Pareto distribution in
the presence of outliers as given by (1) and (2)that for some and

X
s(L<r <s<n)the statisticsX ,, and — are independent.
()
Proof. Necessity: From (6) we can get the joint pdf ¥f,,and X, Substituting

X
U =X;and V=X—(S) in (6), we can obtain the joint pdf d and V as
()

hyy (U,v) =uhy oy (U LY).
Then after some simplification
h(u V) - a290(n—r+1)ﬁakva(s—n—1)—l[1_V—a]s—r—l ua(r—n—l)—l

sttt

+(n_k)(n_k_1)xﬁ-a«-nf‘mﬁ-{l_(gj"} Hﬁ]"

j=wsi=t3

et 2]

j=wsi=ts

-

where
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A =Ck-2j)C(n-kr-1-j)C(k-2-j,i))C(h—-k-r+j+Ln-s-i),

A =C(n-k-2j)Ckr-1-j)C(n-k-2-},i)C(k-r+j+Ln-s-i),

A =C(n-k-1j)C(k-Lr-1-))C(n—-k-j-Li)C(k-r + j,n—s-1i),

A =Ck-1j))C(n—-k-Lr-1-j)C(k-j—-2i)C(h—k-r+j,n—s—i).
Therefore, it establishes the independendd ahdV.

Sufficiency: Here we assume thitandV are independent. The joint pdfdf
and/ is

h(u,v) = {k(k 1, @) f,w) S S{A @] [F.@] 2 -F )]

jEwi=ty

(13)

+[L= F )] ™ [F, (W) = F, ()] [F, () - Fy )] "]
+(n=k)(n—k=Duf,(u) f1<UV>§:Z{AZ[F1(u)]j[Fz(u)]"l"'[1— F ()]

[1- F, ()] [Fy(u) - Ff(gu); eI, () - F )]
+k(n =k, (u) f, (W) jfz;zl{&[Flw)]j [F, W] ™ I~ F(u)]

(1= F @] [F() - R @] R @) = F@p )

s k(n-kuf, ) ) S S AR @R W] - F )’

X [L= F, (w)] " [F, (W) = F, (W] [F (wv) = F, (u)] ="}
where A, A,, A;, and A,are given in (13).
By using some elementary algebra we have
h(u,v) ={k(k = Duf,, (u) f, )[F, (W] 7 [L- F, ()] [F, (w) = F )] ™)

x[F, () - F, @) 3 X A{Fz(“)} {1‘5(“)} { 1-F,(w) }

j=wi=ty Fl (U) 1- Fz (U) I:2 (UV) - Fz (U)

JEW-FROITRw-FW]T_1-Fw |
1-F(w) 1-RW | [FRW)-FW

+(n=K)(n =k =Duf, (u) f, (W)[F, (W] 1= F, (v)]"°[F, (uv) - F )]
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J=wgi=tg

JRwW-FRu][ 1-FRw [[RwW-FRw]
1- Fz (UV) I:1 (UV) - I:1 (U) 1- Fz (U)
+{k(n = Kyut, (U) £, ()LF, (W] L Fy ()] [F, () - Fy(u)]"™*

X — sreken O 2 F (U) 1 F (U) 1- Fl(uv) i
[F, () = F, (u)] ZZ{AS[F (u)} L = (u)} {Fl(uv)—Fl(u)}

j=wsi=ts

JEw-FO[_1-Fw |[Rw-Fw]
1-RW) |[RW-FRW][ 1-FRO
+{k(n = kuf, (U) £, (WTF, (] [L- F, ()] [, () - F ]

§ RO [1-Fw ][ 1-Fw) ]
(R =Rl ZZ{A{F(UJ[1_5(“)“5@)_5(“)}

j=wri=ty
{ F(w) - FAU)H F(w) - Fl(U)H 1-F,(u) }
1-FR(w) 1-F(u) F,(w) - F,(u) (15)
Also from (4) and after some simplification, the ngiaal pdf of U = X,,is as

hy (u) -

y e e 2 & [R@TT1-F@]T 1-Ro ]
[F,(uv) = F,(u)] ZZ{ [F(u)} L F(u)} |:F1(uv)_|:1(u):|

hy(u) = [1- F, (][R (W] 1~ F (W] ™D, (16)
where
F,u) ] [1-F) 1-F,(u)
D = kf (U)ZB{F( )} L—FZ(U)} +(n-k)f,(u )L F.(u )}
L [RW]T-F@ T
==y
and
{Bl:C(k—'lJ)C(n—k,r—l—J.), a7
B, =C(k, j))C(n—k-1r —-1-j).
Therefore from independency dfandV, we can write
h, () = V) (18)

h, (u)
whereh, (v) is pdf ofV.
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1 2

we obtain

= ‘{k(k—n a5 B [ 5)

« p—i [1_ p]i+J qi [1— q]_i_j fz(u)% + (n - k)(n -k _1)|: Ilzz((LL:)):| |:::II-: IElELLJJ)):|

[1 p]n k-2 n- 5[1 q]k+s—r n+ljzv\eé A2|: EZEU)):| |:::II-: ';i((LL:)):| q—i [1_q]i+j

S ' B 4 () N I S 1) J O
PIL=pI™ fu(u) 50 +k(n k){F()} L—FZ(U)} q"°[1~q]

n—k-1 5 F(U) 1 F(u) AT N ATt %
[1-p] J%%A{FZ(U)} L Fl()} p[l-pl"q'[1-q] LW

+k(n=K)p"*[1- p]""[1- qklzz Egﬂ E:El((ﬂﬂ

(19)
xp'[L-pl" g 1-q ™ fz(U)%}D‘l

From the assumption, we know th&t and V are independent. $g(v)is
independent ofu and by using the lemma in Ahsanullah and Kabir 897
p=p(u,v) =g,(v) and g=q(u,v) =g,(v) (we say functions o¥ only) and the
remaining parts should be constant. Therefore

1-F (uv)=[1-F (u)]g,(v),f8<u,1<v, §>0,
{1— F,(uv) =[1-F,(u)lg,(V),80<u,1<v, >0,6>1
It is clear that these are version of Pexider'sagign. So from Theorem 2.1 we can
solve them. SinceF,(x) and F,(x)are CDFs continuous for alkJ[8,)and

(20)

xO[ B8, ) , respectively. We may conclude that
1-F(x)=c,x?,8<x%, 6>0,
(¥ =¢, 21)
1-F,(X)=c,x*,B0<x,8>0,>1

Wherec,,C,and & are constant.
After replacing these solutions in (19) and usioge simplification we get
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h2 (V) = av‘”(”‘Sﬂ)-l [1_V—0/]s—r—1 H[C2 D] —1’ (22)
where
l-cu” c :
=k(k -1 1 -k k-1
(k=D)c, JZWE/%L o HC} +(n=k)(n-k -1,
wg 14 1_C2u—g r-1-j c r-2-j ’ N W 1o 1—C2u_a r-1-j c r-2-j
X 1 + [
l-cu” : C :
k k A _1
+k(n- )sz; L o }Lj

We know thaC(n,j)=0if j >n,then by using some elementary algebra
H[c,D]™" =(n-r)C(n-r -1,n-s) and the right side of (22) is only dependwon
and it is pdf ofv.

Finally, from the property of CDIg, >0, ¢, =8“ andc, = (,849) Thus sufficiency

is established and the proof is complete.

Theorem 3.2. Let X be a random variable with CDF (x) =bF, (x) +5F1(x) such

that F (x) (x=6)and F,(x) (x= £6) are CDFs, wherd :5, b=1-b,>0and
n

L>1.If

E(X?|X >c) =bE (;Cj bEl( j (23)
holds for somex > 0then F (x)is the Pareto distribution in the presence of etsli

We assume thaE(X ) <o

Proof. Proof is similar as given in Dallas (1976). In theocess to prove the
theorem, we should note that the solution of thdfedintial equation

cP'(c)=-P(c) (P(c)=1-F(c))is P(c)=Ac™”, where A is a constant,
y=adl/(0-1)>0 and

20X\
o= bﬂg(ﬁHJ dF,(x) +b l (g) dF,(x). (24)

Comparing the solution with the assumption implgitth =b(86)® +b 8“and the
proof is complete.
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4. AN ACTUAL EXAMPLE

Here, we have given an example of motor insurarmapany from Dixit and
Jabbari Nooghabi (2011a). From the example, we kit the data follow the
Pareto distribution in the presence of outliers.b§ousing Theorem 3.1, we can
check the sufficiency. Assuming =3 and s=12, we have X, =63000and

% = 2.857. So, using the copula method and independenbyesackage 'copula’
(r)

in R, the result is as follows:

Global Cramer-von Mises statistic: 0.03125 withghee 0.9950495

Combined p-values from the Mobius decomposition:

0.9950495 from Fisher's rule,

0.9950495 from Tippett's rule.

X
Therefore, X ,, and © are independent, because of the p-value is gthger
0)
0.05, as significant level of the test. So, we canclude that the data follow the
Pareto distribution in the presence of outliers.
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