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ABSTRACT 

A generalized family of continuous distributions have been characterized through 

conditional expectation of dual generalized order statistics, conditioned on a pair 

of non-adjacent dual generalized order statistics. Further, some of its important 

deductions are discussed. 

 

1. INTRODUCTION 

Kamps (1995) introduced the concept of the generalized order statistics )(gos . 

Using the concept of gos ,  Burkschat et al. (2003) introduced the concept of the 

dual generalized order statistics )(dgos  as follows: 

Let X  be a continuous random variable with the distribution function )(df  

)(xF  and the probability density function )( pdf  )(xf , ),( x . Further, let 
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for  )0()1( 1
21

1   FxxxF n . 

Here we will assume two cases: 

Case I:  mmmm n  121   

Case II:  jiji  ,   for all ),,1(, nji   

For Case I, the pdf  of dgos ),,,(* kmnrX  is given by (Burkschat et al., 2003) 
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The joint density function of  ),,,(* kmnrX and ),,,(* kmnsX  is 
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The joint pdf  of ),,,(* kmnrX , ),,,(* kmnjX  and ),,,(* kmnsX , 

nsjr 1 , can similarly be given as 
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Therefore conditional distribution of ),,,(* kmnjX  given xkmnrX ),,,(*  

and ykmnsX ),,,(* is given by 
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For Case II, the pdf  of dgos ),~,,(* kmnrX  is given by (Burkschat et al., 

2003) 
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The joint density function of ),~,,(* kmnrX  and ),~,,(* kmnsX  is 
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The joint pdf  of ),~,,(* kmnrX , ),~,,(* kmnjX  and ),~,,(* kmnsX , 

nsjr 1 , may similarly be given as 
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Hence the conditional pdf  of ),~,,(* kmnjX  given xkmnrX ),~,,(*  and 

ykmnsX ),~,,(* , nsjr 1 , is given by 
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where 
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Khan et al. (2009) have characterized family of continuous distributions when 

conditioned on a non-adjacent single dgos. We, in this paper, have extended the 

result of Khan et al. (2009) when conditioned on a pair of dgos. 
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2. CHARACTERIZATION OF DISTRIBUTIONS 

The result will first be proved for ij    and then it will be deduced to the case 

when mmm ji  , 1,,1,  nji  . 

Theorem 2.1: Let ),~,,(* kmniX , ni ,,1  be the dgos from a continuous 

population with the df  )(xF  and the pdf  )(xf  over the support ),(  , and 

)(th  be a monotonic and differentiable function of t . If for two consecutive 

values r  and 1r , nsjr  12  

 xkmnlXkmnjXhEyxg slj  ),~,,(|)),~,,(([),( **
,| , ]),~,,(* ykmnsX  , 

          1,  rrl                                      (2.1) 

exist and ),( yxg  is a finite and differentiable function of  x , then 
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and 
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Proof: We have, in view of (1.9) and (2.1) 
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Differentiate both the sides w.r.t. x , to get 
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after noting that 0),(  xxs
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Thus (2.7) reduces to 
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implying that 
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Integrating both the sides w.r.t. x  over ),( x , we get (2.3). 

Corollary 2.1: It may be noted that for ji    and  111   mmm n . 
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Theorem 2.2: Let ),~,,(* kmniX , ni ,,1  be the dgos from a continuous 

population with the df  )(xF  and the pdf  )(xf  over the support ),(   and  

)(th  be a monotonic and differentiable function of t . If for two consecutive 

values 1s  and s , nsjr  11 , 

 xkmnrXkmnjXhEyxg lrj  ),~,,(|)),~,,(([),( **
,| , ]),~,,(* ykmnsX  , 

                    ssl ,1  

exist, then 

 
)],(),([

),(

),(

),(

)(

)(

1,,

,

yxgyxg

yxg
y

yx

yx
y

yF

yf

srjsrj

srj

s
r

s
r

s















                       (2.14) 



On characterization of continuous distributions conditioned on a pair …  113 

and 
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Corollary 2.2: It may be noted that at ji    but  111   mmm n . 
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implying that 



M.J.S. Khan, Ziaul Haque and Mohd. Faizan  114 

 









 


y

m

m

dttxA
rsxF

yF


),(

)1(

1
exp1

)}({

)}({
21

1

, 1m .              (2.18) 

Remark 2.2: In the limiting case as x , at 0r , Theorem 2.2  reduces 
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as given by Khan et al. (2009). 

3. EXAMPLES 

For adjacent gos  at  1 rj , 2 rs  and 11 rm , it can be seen that 

(1.11) reduces to 
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and 
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if and only if 
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where a , b , c  and )(xh  are so chosen that )(xF  is a df . 

Proof: To prove (3.8) implies (3.7), we have 
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Integrating both sides w.r.to x  
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implying that 
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where K  is a normalizing constant. 

But 0)( F . Thus, 
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where a , b , c  and )(xh  are so chosen that )(xF  is a df . 
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Now to prove (3.9) implies (3.10), we have 
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and hence the result. 
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where a , b , c  and )(xh  are so chosen that )(xF  is a df . 

Proof: Proceeding as in example (i), we get 
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Now to prove (3.14) implies (3.15), we have 
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Integrating both the sides w.r.t y  
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implying that 
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and hence the result. 

iv) For 111   mmm n  
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Also from (3.2), 
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