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RECURRENCE RELATIONS FOR SINGLE AND PRODUCT
MOMENTS OF GENERALIZED ORDER STATISTICS FROM DOUBLY
TRUNCATED WEIBULL DISTRIBUTION
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ABSTRACT

Some recurrence relations for moments of generalized order statistics are obtained
by Kamps (1995), Cramer and Kamps (2000), Kamps and Cramer (2001) Pawlas
and Szynal (2001a, b), Athar and Islam (2004) among others. We have established
recurrence relations for single and product moments of generalized order statistics
(gos) from doubly truncated Weibull distribution which includes relations for

order statistics, k —th record values, sequential order statistics and order statistics
with non- integral sample size.

1. INTRODUCTION

Kamps (1995) introduced the concept of the generalized order statistics (gos)
as follows:

Let X;,X,, - be a sequence of independent and identically distributed (iid)
random variables (rv) with absolutely continuous distribution function (df)

F(x) and probability density function (pdf) f(x), xe(a,f). Let ne N,
n—1

n=22, k>0, ﬁz(ml,mz,---,mn_l)e‘ﬁ"_l, M,:ij, such that
j=r

V,=k+n-r)+M,>0 for all re{l,---,n—1}. Then X (r,n,m,k),

r=1,2,---,n are called gos if their joint pdf is given by

n—1 n—1
k T17; {H[l—F(xi ™ f (x; )}[l—F(xnn"‘1 f(x) (1.1)
j=1 i=1

on the cone F1(0)< x| <---<x, <F ().

Here we assume two cases

Case I: My =my =-=m,_|=m.

Casell: y;#y;, i j=L-n-L
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For case I, gos will be denoted as X (r,n,m, k) withits pdf (Kamps, 1995)

C = _ _
fr0=—L[F 1" f) gn ! (F (1)
(r=1n!

and the joint pdf of X(r,n,m,k) and X(s,n,m,k), 1<r<s<n,is

_ Cs1 il m _r-1
frs o) = o S S 01 g (F ()

[y (F (1)) = by (F GO E 177 f(0 () 4
a<x<y<p,
where
F(x)=1-F(x)

Vi=k+m—-i)(m+1)

Cr—lzn?/i
i=1
—%(1 0™ -1
m+
hm(x)— 1
log(—j , m=—1
1-x
and

&m(X)=hy, (x) —h,, (0), xe [0,1)
For case II, the pdf of X (r,n,m, k) is (Kamps and Cramer, 2001)

fx (r,n,m,k) (0)=C,4 f(x)zai (r)[f(x)]%_l
i=1

and the joint pdf of X (r,n,m,k) and X (s,n,m, k), 1<r<s<n,is

N
X (roniik), X (s (6 ) = Cy Zai(r) (s)

i=r+l

Fw | |5

a<x<y<pf,

1.2)

(1.3)

(1.4)
(1.5)

(1.6)

1.7

(1.8)

(1.9)

— 7/[ r

F(y) > = v | S ) )
7 . F b=
[ } { ] }F(x)F(y)

(1.10)
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where

r 1

ai(r):H—, }/j;t}/i, 1<i<r<n (111)
j:1(7j_7i)
J#i

5 1

al.(r)(s): H—, Yj#%, r+l<i<s<n. (1.12)
Jj=r+l (7j—7i)
J#i

m——1 - X

Now since lim £k, (x)= log(1 ! J, therefore, we will consider only the case

hy, (x)= —% (1- x)m+l for all m , unless needed otherwise.
m+

A random variable X is said to have Weibull distribution if the pdf of X is of
the form

fl(x):pxp_1 e_xp, x>0, p>0 (1.13)
and the corresponding df is
F=1-¢*, x>0, p>0. (1.14)

Now if for given P and O

JOQI fix)dx=Q and J(I)Dl fi(x)dx=P
then the truncated pdf is given by

pxp_le_xp
f(x)=TQ, —log(1-Q)<xP <-log(1-P), p>0 (1.15)

and the corresponding truncated df F(x) is

F(x):—P2+lx1‘P fx)), (1.16)
p
where
1-0 1-P
Ql =—10g(1—Q), Plp:_log(l_P)’szp—Q and P2 :m.

Here in this paper, we have obtained recurrence relations for single and product
moments of generalized order statistics from doubly truncated Weibull
distribution and its various deductions and particular cases are discussed.
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2. RECURRENCE RELATIONS FOR SINGLE MOMENTS

Casel: m;=m;=m, i,j=1,2,---,n—1.

J
Lemma2.1: For2<r<n,n=22and k=1,2,---.
) EIX!(r,nmk)]-E[X/ (r=1,n,mk)]

— Cr 2 " P ] 1 yr
=i o X F OV g (F () eR))

iy E[X!(r-Lnmi]-E[X’(r-1n—1,mk)]

=—%j A X/ l[F )1 gr (F (x))dx . (22)
7 (r=2)!

iii) E[X/ (r,n,m,k)]-E[X? (r—=1,n—1,m,k)]

C,_

=l gl Vr g 1
= D,J J TUF () (F (x)dx. 2.3)

Proof: Results can be established in view of Athar and Islam (2004).

Theorem 2.1:  For the given Weibull distribution and ne N, meR,
2<r<n.

E[X’ (r,nmi)]-E[X! (r=1,n—1,m,k)]

=—P, K{E[X ' (r,n—1Lmk+m)]—E[X7(r—1,n—1,m,k +m)]}

+—L EIXTP (ronm k)], (2.4)
)24

where

1
y Dy

C(n;l) r—1 ;/(n—l) ()
_ r— _ 1 n—1) _ _1_;
= —C(n—l,k+m) H —— |, % =k+(n—-1-i)(m+1).
Proof: From equations (1.16) and (2.3), we have
E[X7 (r.n,m,0)]1- E[X ' (r=1,n—1,m,k)]

Crl

_ i JP INF o)™ { Py +Lxlp f(x)}gﬁfl(F(x))dx
71(’" D! V4
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C,_ -
=-P) FYUEen e I(F

o il [ o g Py

J Cr—l A

J=PE (Y1
pirermmry] PR ALY H(F () d

cnb

_ ) R i y( r—1
=-P) —( = j FUE@) ™ g (F () d

+—LE[X TP (r,n,m, k)]
PN

as 7, 1=y = emy+ (n=1-n)m+D), Cy=n " and
hence the required result.

If we put p=1 in the above expression, we get corresponding result for the
exponential distribution. For the non-truncated case one has to put P=1,

0=0.

Remark 2.1:  Recurrence relation for single moments of order statistics
(m=0,k=1) is

EXi)-EX] . D)=-P{EX] H-EX]

r—ln

O L Ex)
np

(2.5
or EXf)=0EX], D-PEX! ) +$E<X#§;”>. (2.6)
For r =1
E(X{)=0,0/ -P, E(X{ _ 1)+$E(X1{;1’). 2.7)
For r=n
E(Xf) =0y E(XJ_ =Py P +éE<X,{;”> , 2.8)

where by convention we use X ., ;=P and X.,, =0

as obtained by Khan et al. (1983a).

Remark 2.2: For k —th record statistics (m=-1) recurrence relation for
single moments reduces as
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r—1

EXH —Ex] ) —Pz(%j (ExH T -Ex] pFh
I pex i-pyk
+pkE(X, )

(nzl) r—1

_ r _ _ __

as K = (nlk+m)_H[k_1j’ n=k,form=-1.
Cr—2 1

1=

Similarly, the recurrence relations for single moments of order statistics with
non-integral sample size for m=0, k=a—-n+1, ae R, and for sequential

order statistics for m = —1, k = & may be obtained.

Theorem 2.2:  For the given Weibull distribution and ne N, meR,
2<r<n.

E[X’ (r,n,m)]-E[X’ (r—=1,n—1,m,k)]

(P Q)K JE[P{X (r,n,m,k +1)] 2.9)
rn
= -PYEGX (renm k4 EIX P (om0}, (2.10)
rn
where
_ . j-p xP *_ Cr—l _ - Vi
s =xiPet . K —W—g[m]

Proof: In view of equation (1.15), (2.3) becomes

E[X’ (r,n,mi)]-E[X’ (r—=1,n—1,m,k)]

C - _
7 (; 11)‘ 151 ] l[F( )J?’r %l)f(? g,; l(F(X))dx
1 pxP=e™
P cksn B ~
(Pi’i)(k-tl)l { mf PEOIF 7 f (0 gl (Foopdxt,
r—1
(k+1) _

where 7y, =(k+1)+(n—r)(m+1) and hence the Theorem.

To prove (2.10), note that

F(x) _ _l{(l_P)xl—pexp _xl—p}
f&x) p
and the result follows from (2.3).
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Theorem 2.3:  For the given Weibull distribution and ne N, meR,
2<r<n.

E[X’(r,n,mi)]-E[X’(r=1,nmk)]

=—P, K {E[X'(r.n=1,mk+m)]—E[X'(r—1,n—1,m,k +m)]}

L EX TP (rnm k)], @.11)

r
S o S~ R I = (7
Proof:  Proof follows on the lines of Theorem 2.1 using (1.16) and (2.1).

Remark 2.3: The recurrence relation for the non-truncated exponential
distribution given by Pawlas and Syznal (2001 a) are obtained by setting p =1,
P=1,0=0and j=j+1.

Theorem 2.4:  For the given Weibull distribution and ne N, me®R,
2<r<n.

E[Xj(r—l,n,m,k)]—E[Xj(r—l,n—l,m,k)]

skek
_p, (m+D)(r-DK
n
{(EIX'(r,n=1,mk+m)]-E[X'(r—Ln—1,mk+m)]}
_(m+D(r=D
)24
Proof:  Proof follows from (1.16) and (2.2).

JEIX 7P (r,n,m,k)]. 2.12)

Case II: Vi® Vs i, j=1,2,---,n—1.

Theorem 2.5: For distribution given in (1.14) and ne N, meR, 2<r<n,
k>1.

E[X7(r.n, k)] - E[X/ (r=1,n—1,/m,k)]

=Ly{—(1 —PYE[¢(X (r,n, i, k)] + E[X TP (r,n,im, )]}, (2.13)
pn
G2 K JE[S{X (r,n, i,k +1)] (2.14)

rn
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Proof: In view of Athar and Islam (2004), we have

E[X (ron )1 = E[X 7 (r=1,n~1,7, k)]

_Yre ALty Fol d 2.15

="0Co [, ¥ Y ai(DIF @) dx (2.15)
/4| 1 i=1

On using equation (1.16), RHS of (2.15) becomes
P i< — _ 1 -

:ﬁcr_zjj "IN ap () [F (o) 1{—P2 +—x! pf(x)}dx

N O i=1 p

and hence the required result.
Result (2.14) can be proved by using (1.15) in (2.15).

Remark 2.4: Theorem 2.2 can be deduced from Theorem 2.5 by replacing m
with m, m# —1. Remaining results for case II, (y; #¥;) can also be obtained

by replacing m with m in Theorem 2.3 and 2.4.
3. RECURRENCE RELATIONS FOR PRODUCT MOMENTS

Casel: m; =mj=m, i,j=12,--,n-1.

Theorem 3.1:  For the given Weibull distribution 1<r<s<n—-1, me R,
n>2and k=1,2,---

E[X'(r,n,m,k) X7 (s,n,m, k)= E[X ' (r,n,m,k) X7 (s —1,n,m,k)]
=-P KI{E[Xi(r,n—l,m,k+m) Xj(s,n—l,m,k+m)]

—E[X'(r,n-Lmk+m) X (s—Ln—1,mk+m)]}

L EX (o m k) X TP (s, m,m, k)], (3.1)
PV

- - (n=1)
C 5 s—1 ¥; 7,1 s—1 ¥
where K = > = ! T T—
CEr_z;l,k+m) III{ 7i(n—1) +m Vs !Il }/(n 1)

1=
Proof: In view of Athar and Islam (2004), we have
E[X"(r,n,m,k> X7 (s,n,m k)] - E[X' (r.n.m.k) X7 (s —1n,m. k)]

j—l r m r—1
- )'(s—r i’ .[ .[ [FQOIT f ()& (F(x)

[y (F () = By (F (DT~ [F ()17 dy dx (3.2)
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Now using (1.16) in (3.2), we get
C_
}/ (r—l)'(s r— 1)'

I Il YITF @™ f(og  (F(x)

[y (F () =y (F(x))]S"‘l[F(yn%‘l{— P +%y1""f(y)}dy dx

j—l r m r—1
2y (- 1)'(s—r n’ J .[ [FOI () g (F(x)

Uty (F () = by (F DI [F ()17~ dy

Cv 1
P?’ (r=D!(s—r-D!

AhR i j-Pr¢ m _r—1
i ey TP o™ g (P o)

[ (F(9)) = By (FCONE ™ HE DI F () f (v) dy dx

2(r- 1)'<s Y iy [y T E o f o g5 (P

Uy (F(3) = by (FGNP ™ E ™ dy dx

+—LEIX (r.nm, k) X TP (rn,m K1,

N

(n—1,k+m)

where y, —1=y; , C4_1 =7,C;_» and hence the result.

Remark 3.1: At p=1, 0=0, P=1, s=r+1 and j=j+1, Theorem 3.1
reduces to

E[X'(rn,m k) X7 (r+Lnom, k) - E[X (rnom,k) X7 (r,n,m, k)]

I X i onmk) X+ Lm0

7r+1
or  E[X'(r,n,mk) X7 +1,n,m, k)]

I X o) X Lnm ]+ ELX Y om0

Vr+l
3.3)

which is the result given by Pawlas and Syznal (2001 a) for the non-truncated
exponential distribution.
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Remark 3.2:  Recurrence relations between product moments of order
statistics (m=0, k =1) is

(i, J) () n ()] ()
E(X",Sin)_E(Xr,s—l:n) - _P2 n—s +1{E(Xr,s:n—l)_E(Xr,s—l:n—l)}

J

@i, j—p)
— FEX . 3.4
pmn—s+1) ( ) ©4

r,s:n

as Ky = and ¥y, =n—-s+1 for m=0, k=1.

n—s+1
which is the relation obtained by Khan et al. (1983 b).
Casell: =7,

Results can be obtained by replacing m with m .
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