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PERFORMANCE OF FISHER DISCRIMINANT FUNCTION IN
CLASSIFICATION PROBLEM- A SIMULATION STUDY
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ABSTRACT

The criterion of error of misclassification of Fisher linear classifier has not been
fully investigated in the context of intra class correlations in classifying two
Multivariate Normal populations [Johnson and Wichern (2001)]. Here an attempt
is made to study the performance of Fisher classifier in classifying a new
observation X into one of the two multivariate normal populations N , (4, X)

and N, (u,,) in the above said context using simulation study.

1. INTRODUCTION

The purpose of pattern recognition is to determine to which category or class
(population) a given sample belongs to. Through an observation or measurement
process, we obtain an observation vector. The observation vector serves as the
input to a decision rule (statistic) by which we assign the sample to one of the
given classes. Let us assume that the observation is a random vector whose
conditional density function depends on its class. If the conditional density
function for each class is known, then the pattern recognition problem becomes
a problem in statistical hypothesis testing [Fukunaga (1990)]. From this angle,
the classification problem can be viewed as a Pattern Recognition problem.
Here, it is aimed to study the performance of Fisher classifier in the said context.

As it is proposed to study the performance of Fisher classifier in case of two
Multivariate Normal populations, the decision rule with usual notations, to test

H()Z X()Eﬂ'lENp(lUl,Z) Vs Hli X0€7Z'2§Np(,u2,2)

is presented here for ready reference:
Fisher Rule given by

Allocate X to 7y if

oty o .
(i — ) E7'X > (g = )T Y + ) (1.1)

Otherwise allocate Xy to 7;.
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When the parameters are unknown, then they are estimated based upon two
samples of sizes n; and n, respectively from 7; and 7x,, before the

classification is done, and the decision rule is obtained by replacing 4, i, X

respectively by X, X, and S pootea 10 (1.1).
2. COMPUTATION OF TOTAL PROBABILITY OF
MISCLASSIFICATION (TPM)

Computing probability of error of misclassification is laborious as it involves
evaluation of multiple integrals [Fukunaga (1990)]. However TPM can be
estimated by means of the confusion matrix using simulation and the process is
as under:

Total Probability of Misclassification (7PM ) is defined as,
TPM = Pr (misclassifying a 7; observation or misclassifying a 7, observation)
= Pr (observation comes from 7; and is misclassified as 7, )
+ Pr (observation comes from 7, and is misclassified as 7 ).
=Pr(Xemlzm)Pr(m)+Pr(Xemlry)Pr(x,).

Therefore the confusion matrix is of the form

Predicted
T T
4] nic My =m—mc
Actual
%) Moy =N —Nyc nyc

nc = Number of 7; items correctly classified as 77 items,
nyc = Number of 7, items correctly classified as 7, items,
nyps = Number of 7 items misclassified as 7, items,

Ny = Number of 7, items misclassified as 77 items

and TPM =M FM2u 2.1)
m + ny
3. METHODOLOGY

Let N » (1q,X) and N P (4,,X) be the two normal populations to be

discriminated for the specified parameters using above said method. Without




Performance of Fisher discriminant function in classification ... 3

loss of generality g is taken as null vector, i, , the competitive vector is taken
as k 1 , k varying from 0.5(0.5)3.

Therefore to test the hypothesis that
H : The sample is drawn from N p (44,%)

Vs
Hj : The sample is drawn from N, (4, ,%)

1/2 1/2

utilizing the relationship V =Y, where V and p are respectively the

pV
diagonal matrix of variances and intra class correlations, and setting X = p. The
dimensionality (p) ranging from 3(1)10 and the correlations in the correlation

matrix ranging from 0.2 to 0.8 spreading with equidistant along the rows are
taken in ascending fashion. In another case it is taken in the descending order.
The priori probabilities are p (7;)= p; and p(7,)= p, =1— p;. Here we have

taken p; =0.1(0.1)0.9.
a) Generation of multivariate normal data

The vectors of multivariate normal data with the specified parameters can be
obtained starting from univariate standard normal data and the operational
procedure is as follows:

Let U; and U, be uniform random variates between [0,1]. According to Box
and Muller (1958)

Z1=+-2InUj cos2QrnU,), Zy =4/-2InU; sin 2z U,)

will follow N (0, 1).
Let Yl :Zl +44 and Y2 ZZZ + Uy will follow N(,Ul,l) ,i1=12.

Let A and @ be respectively the matrices of eigen values and the
corresponding eigen vectors of the X.
Let X be ® A2y where Y=MmpY, - Yp)'. It can be seen that X follows

bivariate normal with

M= Uy - U p)' and ¥ as the parameters. Using this methodology we can
generate multivariate normal data for any specified set of parameters.
When the parameters are not specified then the simulation study involves two

phases - Training (estimation) and Validation (classification). In training phase,
based on samples of size n; and n, drawn respectively from the specified

populations, estimation of parameters is done, then the classifier is constructed,
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while in validation phase, another set of pseudo random vectors are drawn from
multivariate normal and is used to study the performance of classifiers under
consideration.

b) Orthogonal transformation

Classification using orthogonal transformation is worth attempting for study of
relative performance.

In the more general case where ¥ # [, the observation noise is correlated and is
often called coloured noise. In such a case, one can introduce Whitening
transformation Y =A X , where A’ X A=1.

Then the procedure discussed so far applies to Y if we replace u; by Au;.
This transformation is reversible, and the observation Y can be classified as
effectively as Xy . Construction of A is as explained in section 3 a).

¢) Jackknife procedure

i) Start with the n; group of observations. Omit one observation from this
group and develop a classification rule based on the remaining (n; —1), n,
observations.

i1) Classify the observation using the function constructed in step 1).
iii) Repeat steps 1) and ii) until all the n; observations are classified. Let

nyy be the number of observations misclassified in this group.

iv) Repeat steps 1) through iii) for the 7, observations. Let n,,, be the
number of observations misclassified in this group. Once ny;, and
n,y are obtained, TPM is estimated using (2.1).

d) Choice of parameters for the construction of tables

If 71 and 7, denote populations with N, (#1,X) and N, (u,X) respectively,
then

=000
My =k 1 1)
k=0.5(0.5)3 and X the variance-covariance matrix is given by

T=(T with T =1,if i= .

ij )po

and

Y. ifi#].
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Case I:
212 = 08

Xy if i<j for j>1
YUl =g
Case II:

212=0.2

le+1 :le +[06/(p—2)] fOI‘ j:2,...’p.

o Xy if i<j for j>1
L S T '

4. SALIENT OBSERVATIONS ON THE SIMULATION RESULTS

The tolerance limit for 7PM is taken as 10% in the present study. The exercise
involved construction of 14 tables [two for known cases (one in decreasing and
the other is in increasing order of correlations) and 12 for unknown cases of
which each of six possible sample cases (10, 10), (10, 15), (10, 20), (15, 15),

15, 20), (20, 20) for decreasing and increasing order of correlations]. The

conclusions are drawn consolidating all 14 tables are as follows. Of which only
4 tables bearing numbers 4.1 to 4.4 Tables (4.1 and 4.2 pertaining to known
cases; 4.3 and 4.4 are for (10, 20) in increasing and decreasing order of

correlations respectively) are as appended in the annexure to save space and the
remaining tables are available with the authors.

a) When parameters are specified

1) Fisher classifier performs better under orthogonal transformation for the
decreasing pattern of correlations in ¥ matrix.

ii) When the tolerance condition is relaxed Fisher classifier performs better
under given vector (a new vector to be classified) for the increasing pattern
of correlations in X matrix.

b) When parameters are not specified

i) Fisher classifier under given vector is performing better when compared to
Orthogonal transformation and Jackknifing.

i1) Under Jackknifing TPM is within tolerance limit with the gradual increase
in sample sizes.
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ANNEXURE

Percentage TPM values of Fisher classifier in classifying two populations
T Np(O,Z) and 7, : Np(uz,Z)

Table 4.1: Decreasing order of correlations in ¥ matrix when the parameters
are specified

| col | ent | eol | a5t a0l | 051
r o/ e o|e| o/ e|o|/e|o0o|e o0oe
3 | 206050 16| 88 | 40 | 153 ] 92 | 239 | 153 | 92 | 23.9
4 | 3303621211619 | 192] 79 [30.0 | 192] 79 | 301
s | 3201|7805 106]| 12 |177] 48 | 275 | 177 | 48 | 275
6 | 20 | 20 | 27 | 10| 82 | 1.6 | 149 | 55 | 265 | 149 | 55 | 26.5
7 | 38 [ 00|52 |01 | 101 14 | 150 43 | 244 | 150 | 43 | 244
8 27 1001|5300 (10905 ]|129 | 4.0 [ 259|129 | 4.0 | 259
9 20 1 00 | 42 | 0.0 8.0 05 | 148 | 23 | 251 | 148 | 2.3 | 25.1
10 4.1 00|62 ]00]101] 06 |164 | 24 | 253|164 | 24 |253

© For a given vector
® Using orthogonal transformation.

Table 4.2: Increasing order of correlations in ¥ matrix when the parameters
are specified

w| eonl | e’ | eol | asnt | aol | 051
r o/ e/ o|e | o|/e | o0o|e|0o|e oe
3 242 | 779 | 260 | 739 | 26.6 | 750 | 31.6 | 74.7 | 355 | 31.6 | 747 | 355
4 20.1 | 71.2 | 232 | 699 | 263 | 73.5 | 309 | 725 | 36.1 | 309 | 72.5 | 36.1
5 170 | 61.8 | 194 | 646 | 282 | 67.3 | 30.3 | 685 | 374 | 303 | 685 | 374
6 164 | 59.7 | 21.1 | 606 | 273 | 620 | 31.0 | 61.1 | 36.2 | 31.0 | 61.1 | 36.2
7 182 | 544 | 21.7 | 563 | 26.7 | 573 | 320 | 574 | 38.1 | 320 | 574 | 38.1
8 18.1 | 502 | 209 | 51.7 | 257 | 527 | 30.6 | 534 | 40.0 | 30.6 | 534 | 40.0
9 183 | 446 | 219 | 435 | 285 | 422 | 30.1 | 449 | 374 | 30.1 | 449 | 374
10 164 | 33.1 | 21.6 | 34.0 | 252 | 334 | 310 | 36.8 | 36.3 | 31.0 | 36.8 | 36.3

© For a given vector
® Using orthogonal transformation.
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Table 4.3: Decreasing order of correlations in ¥ matrix when the parameters
are not specified

Size of first sample: 10 Size of second sample: 20

o G.o)1 2.5)1 .01

P o 2] © o 2] © o (2] ©

3 0.7 18.0 | 7.7 2.5 28.0 |92 3.0 255 | 135

0.2 335 |55 0.5 355 | 100 |35 36.5 | 12.2

4
5 0.0 37.7 | 4.7 0.0 375 |70 1.7 332 | 9.7
6 0.0 405 |32 0.2 36.2 | 8.0 0.7 362 | 7.7

7 0.0 455 |45 0.0 417 6.7 0.5 422 |82

8 0.0 472 | 3.0 0.0 437 | 3.0 0.0 422 |17.0

9 0.0 46.0 |25 0.0 46.7 | 5.0 0.0 425 |8.0

10 0.0 475 |32 0.0 477 14.0 0.0 455 |65

1o .51 a.o1 051

o 2] © o 2] 3] o 2] ©

P
3 102 345 |17.0 [21.2 |[375 |[227 |340 |44.0 |345
4 6.5 347 | 13.7 |87 13.7 9.2 32.0 |44.7 |31.0

5 4.2 39.7 (125 | 11.7 | 395 | 175 |225 |42.0 |26.0

6 4.0 36.7 |10.0 |12.0 |39.0 |162 |225 |44.0 |25.7

7 2.0 41.0 | 122 |87 415 | 152 |20.7 |46.0 |255

8 1.5 382 |10.0 |6.2 425 |162 |220 |43.0 |255

9 1.0 44.0 |9.7 7.5 4577 | 140 |257 |435 |287

10 |22 445 | 7.7 5.0 415 | 142 | 220 |47.7 |255

© For a given vector
® Using orthogonal transformation
© Jackknife method.
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Table 4.4: Increasing order of correlations in ¥ matrix when the parameters
are not specified

Size of first sample: 10 Size of second sample: 20

1 301 251 Q.01

Pl o | e | e | 0o | @ | @€ | 06 | @ | ©
3 oo [197 [45 |07 |220 |95 [37 [255 [137
4 los |157 |65 |o7 [155 [85 [15 |180 |132
5 oo |75 |55 loo |55 |77 [17 [os5 |92
6 |00 |os5 |37 lo2 |25 |47 [17 |60 |82
7 loo o2 |32 los |22 |62 |02 [45 |97
8 |00 |65 [35 [oo |70 |42 Jos |95 Jes
o |oo |120 |17 loo [135 |45 |02 [175 |60
10 00 [345 [25 Jos [337 [30 |o2 [285 |60

1o 151 101 051

P |l o | e| e | 0o | @€ | @€ | 0 | @ | ©
3 |55 232 137 [282 [272 [210 [327 [367 |317
4 |65 |230 [167 [137 [242 [190 [275 |335 |300
5 |50 |160 [135 [142 [220 [202 [207 [322 |327
6 |32 115 100 [102 [207 [190 [277 [290 |300
7 |20 |65 |102 135 [250 [212 [245 [310 |242
8 |25 [112 102 |85 |260 [167 |245 [332 |252
9o los 260 |82 |77 |275 [175 [242 [407 |265
10 |17 [285 [102 |62 [345 [135 |245 |440 |260

© For a given vector
® Using orthogonal transformation
© Jackknife method.
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